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Chapter _1: Overview of Digital Signal Processing

Chapter Intended Learning Outcomes:
(1) Understand basic terminology in digital signal processing

(i) Differentiate digital signal processing and analog signal
processing

(i) Describe basic digital signal processing application areas
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Signhal:

* Anything that conveys information, e.g.,
= Speech
» Electrocardiogram (ECG)
» Radar pulse
= DNA sequence
» Stock price
» Code division multiple access (CDMA) signal
" [mage
* Video

H. C. So Page 2



. -

0.41

0.2f

vowel of "a"

-0.2F

04}

| | | |

0 0.005 0.01 0.015 0.02
time (s)

Fig.1.1: Speech

H. C. So Page 3



H. C. So

ECG

250

200

150

100

50

-50

T

T

T

0.5

time (s)

Fig.1.2: ECG

Page 4



=

O
o1
1
1

o
(6))
)

1

transmitted pulse
o

1
=

o

0.2 0.4 0.6 0.8 1

time

received pulse

_l | | | |
0 0.2 0.4 0.6 0.8 1

time

Fig.1.3: Transmitted & received radar waveforms

H. C. So Page 5



Radar transceiver sends a 1-D sinusoidal pulse at time O
It then receives echo reflected by an object at a range of R

Reflected signal is noisy and has a time delay of r which
corresponds to round trip propagation time of radar pulse

Given the signal propagation speed, denoted by ¢, 7 IS
simply related to R as:

T = — (1.1)

As a result, the radar pulse contains the object range
iInformation
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» Can be a function of one, two or three Iindependent
variables, e.g., speech is 1-D signal, function of time;
Image Is 2-D, function of space; wind is 3-D, function of
latitude, longitude and elevation

» 3 types of signals that are functions of time:

» Continuous-time (analog) z(t): defined on a continuous
range of time ¢, amplitude can be any value

» Discrete-time x(nT): defined only at discrete instants of
timet=..-—T7,0,7T,2T,---, amplitude can be any value

= Digital (quantized) zg(n7'): both time and amplitude are
discrete, i.e., it is defined only att=---—-7,0,7.,27T,--- and
amplitude is confined to a finite set of numbers
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z(nT)at n=01s close to 2 and z((0) = 2
z(nT) € (3,4)atn=1and zo(7T) =3

Using 4-bit representation, x(0) = 0010 and zo(7") = 0011, and
in general, the value of zo(nT) is restricted to be an integer

between —8 and 7 according to the two’s complement
representation.

In digital signal processing (DSP), we deal with z,(nT') as it

corresponds to computer-based processing. Throughout the
course, it is assumed that discrete-time signal = digital
signal, or the quantizer has infinite resolution
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System:

» Mathematical model or abstraction of a physical process
that relates input to output, e.g.,

» Grading system: inputs are coursework and examination
marks, output is grade

» Sgquaring system: input is 5, then the output is 25
= Amplifier: input is cos(wt), then output is 10cos(wt)

* Communication system: input to mobile phone is voice,
output from mobile phone is CDMA signal

* Noise reduction system: input IS a noisy speech, output
IS a noise-reduced speech

» Feature extraction system: input is cos(mt), output iIs ®

* Any system that processes digital signals is called a digital
system, digital filter or digital (signal) processor
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Processing:

* Perform a particular function by passing a signal through
system

analog
input
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Advantages of DSP over Analog Signal Processing

* Allow development with the use of PC, e.g., MATLAB

= Allow flexibility in reconfiguring the DSP operations simply
by changing the program

» Reliable: processing of O and 1 is almost immune to noise
and data are easily stored without deterioration

» _Lower cost due to advancement of VLSI technology
» Security can be introduced by encrypting/scrambling

» Simple: additions and multiplications are main operations
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DSP Application Areas

» Speech

» Compression (e.g., LPC is a coding standard for
compression of speech data)

» Synthesis (computer production of speech signals, e.qg.,
text-to-speech engine by Microsoft)

* Recognition (e.g., automatic telephone number enquiry
system)

* Enhancement (e.g., noise reduction for a noisy speech)

= Audio

» Compression (e.g., MP3 Is a coding standard for
compression of audio data)

H. C. So Page 13



* Generation of music by different musical instruments
such as piano, cello, guitar and flute using computer

» Song with low-cost electronic piano keyboard quality
= Automatic music transcription (writing a piece of music
down from a recording)

* Image and Video

* Compression (e.g., JPEG and MPEG is are coding
standards for image and video compression, respectively)

* Recognition such as face, palm and fingerprint
* Enhancement
» Construction of 3-D objects from 2-D images

* Animation, e.g., “Avatar”
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» Communications: encoding and decoding of digital
communication signals

= Astronomy: finding the periods of orbits

= Biomedical Engineering: medical care and diagnosis,
analysis of ECG, electroencephalogram (EEG), nuclear
magnetic resonance (NMR) data

= Bioinformatics: DNA sequence analysis, extracting,
processing, and interpreting the information contained In
genomic and proteomic data

* Finance: market risk management, trading algorithm design,
Investment portfolio analysis
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Chapter 2: Review of Analog Signal Analysis

Chapter Intended Learning Outcomes:

(i) Review of Fourier series which I1s used to analyze
continuous-time periodic signals

(i) Review of Fourier transform which is used to analyze
continuous-time aperiodic signals

(i) Review of analog linear time-invariant system
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Fourier series and Fourier transform are the tools for
analyzing analog signals. Basically, they are used for signal
conversion between time and frequency domains:

z(t) < X(jQ) (2.1)

Fourier Series

* For analysis of continuous-time periodic signals

» EXpress periodic signals wusing harmonically related
sinusoids with frequencies --- — ), 0,2, 20, - - - Where € Is
called the fundamental frequency

" In the frequency domain, 2 only takes discrete values at
_907099072907“'

H. C. So Page 2



H. C. So

time domain

frequency domain

T,/2

- p/2

z(t)e Ml dt =

A

AJQ%{@A}

oo

O—>||<—

_ E : akejk:glgt

h=—00

continuous and periodic

discrete and aperiodic

Fig.2.1:

Illustration of Fourier series

Page 3




A continuous-time function z(t) is said to be periodic if there
exists 7, > 0 such that

r(t) =x(t+1,), t € (—o0,00) (2.2)

The smallest 7, for which (2.2) holds is called the
fundamental period

The fundamental frequency is related to 7, as:
Qp = — (2.3)

Every periodic function can be expanded into a Fourier
series as
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x(t) = Z ae’Mh t € (—o0,00) (2.4)
k=—o00
where
T,/2
ak:TL f Cﬁ(i)e_jkgotdt; k=-— 1,0,1,2,--- (25)
p

~T,/2
are called Fourier series coefficients

X (j€2) is characterized by {a;}, the Fourier series coefficients
In fact correspond to the frequency representation of x(t).

Generally, a; Is complex and we use magnitude and phase
for its representation
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lar| = /(R{ar})? + (S{ar})’ (2.6)

and
Cx
Slar) = tan—! 1%} 2.7
(@) = tan (éﬁ{ak} (2.7)
Example 2.1
Find the Fourier series coefficients for

x(t) = cos(107t) + cos(207t).

It is clear that the fundamental frequency of x(¢) is {2y = 107.

According to (2.3), the fundamental period is thus equal to
T, =2m/Qy =1/5, which is validated as follows:

1 1 1
T (t—l— 3) = COS (107T (t+ g)) + cos (2071' (t—l— 3))
= cos(10mt + 27) 4 cos(207t + 4m)
= cos(107t) + cos(207t)
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With the use of Euler formulas:

el 4 e U
cos(u) =
2
and | |
ju _ —ju
sin(u) = R
29

we can express xz(t) as:

x(t) = cos(107t) + cos(207t)
eIt 4 o=it 2t | =20t

: Lo ) 1o
_ =20t = =gt |~ 3890t~ 52008
26 + 26 + 26 + 26
By Inspection and using (2.4), we

ays=a1=a =a=1/2 while all other Fourier
coefficients are equal to zero
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Example 2.2
Find the Fourier series coefficients for
x(t) = 1+ sin(Qpt) + 2 cos(Qpt) + cos(3Qpt + 7/4).

With the use of Euler formulas, z(¢) can be written as:

J 25 2
2 o 1 | 1\ .
:i(l—j)e‘“)’ﬁ”W L4j= ) e ™ 414 (1—j5 )™
4 2 )
2 .
+‘£(1 T j)e

Using (2.4), we have:
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and
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J
1+ =, k=—1
2
1, k=0
ap = 4 j
1 —=, k=1
\/52
W otherwise

S (
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Example 2.3
Find the Fourier series coefficients for z(t), which is a

periodic continuous-time signal of fundamental period 7" and
IS a pulse with a width of 27; in each period. Over the

specific period from —7/2 to T/2, x(t) is:

1. =Ty <t<T
Zl?(t){’ 0 0

0, otherwise

with T > 27;. According to (2.3), the fundamental frequency
Is 2y = 2n/T. Using (2.5), we get:

T/2 Ty

1 . 1 .
U = / :U(t)e_jm”tdt == / eI
_T/2 7
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For k = 0:
Ty
_ / dt = 20
T
—T

1o  sin(kQTy)  sin (2nkTh/T)
T B km N km

1 ” |
— —JkQUtdt _ JkQot
ak T / ‘ ij()e

The reason of separating the cases of k. =0and £#0 Is to
facilitate the computation of ¢;, whose value is not
straightforwardly obtained from the general expression
which involves “0/0”. Nevertheless, using L'Hopital’s rule:

| dsin (2wkTy/T)
. osin (2nkTy/T) . a5 o 20T/ T cos((2nkTy/T)) 2Ty
lim = lim = lim = —
li—0 kr J—0 dkm Ji—0 T T

dk
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In summary, if a signal z(¢) is continuous in time and
periodic, we can write:

r(t) = i ape’ Mt t € (—o0,00) (2.4)

k=—00

The basic steps for finding the Fourier series coefficients are:

1. Determine the fundamental period 7, and fundamental
frequency ()

2. For all &, multiply z(¢t) by e /% then integrate with
respect to ¢ for one period, finally divide the result by 7,,.

Usually we separate the calculation into two cases: k£ =0
and k£ # 0
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Fourier Transform

» For analysis of continuous-time aperiodic signals

» Defined on a continuous range of ¢}

The Fourier transform of an aperiodic and continuous-time
signal x(t) is:

X(jQ) = / z(t)e M dt (2.8)

which Is also called spectrum. The Inverse transform is
given by

0.0

x(t) :% / X (e’ dQ (2.9)
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Fig.2.2: lllustration of Fourier transform
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The delta function §(¢) has the following characteristics:

St)=0, t#£0 (2.10)
/ S(t)dt =1 (2.11)

and -
f(£)o(t — o) = [f(to)d(t — to) (2.12)

where f(t)is a continuous-time signal.

(2.10) and (2.11) indicate that 6(¢) has a very large value or
iImpulse at ¢t = 0. That is, /(¢) is not well defined at ¢t = 0

(2.12) is known as the sifting property
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>
t
Fig.2.3: Representation of §(¢)

The unit step function u(¢) has the form of:

1, t>0
ty=<" 2.13
u(t) {0, t<0 ( )

As there is a sudden change from O to 1 at¢ =0, u«(0)is not
well defined
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Example 2.4
Find the Fourier transform of z(¢) which is a rectangular

pulse of the form:

0, otherwise

1. =Ty <t<T
Zl?(t){’ 0 0

Note that the signal is of finite length and corresponds to
one period of the periodic function in Example 2.3. Applying
(2.8) on z(t) yields:
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Define the sinc function as:

sin(7u)

sinc(u) =
Tu

It is seen that X (5{) is a scaled sinc function because

2sin(QT, QT
X(4Q) = sin(€270) = 2Tsinc (—0)

() 7
A .
boa) o, 1XG9)
1 \
> N\ N\ -
B NZ N
T, 0 Ty t Ty Y T QO

Fig.2.4: Fourier transform pair for rectangular pulse of x(t)
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Example 2.5
Find the inverse Fourier transform of X (5$2) which is a

rectangular pulse of the form:

X(jQ): 1, —Wy< Q< W,
0, otherwise
Using (2.9), we get:
O Wg W
1 t
o(t) = — / X (e = = [ eitgg = Snl)
2T T 7t
— 0 —W(}
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Fig.2.5: Fourier transform pair for rectangular pulse of X (5Q)

From Examples 2.4 and 2.5, we observe the duality
property of Fourier transform

Example 2.6
Find the Fourier transform of z(¢) = e “u(t) with a > 0.

Employing the property of «(¢) in (2.13) and (2.8), we get:
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1
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XU Va2 + )2
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Z(X(592)) = —tan™ " | —
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Fig.2.6: Magnitude and phase plots for 1/(a + j)
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Example 2.7
Find the Fourier transform of the delta function z(t) = §(¢) .

Using (2.11) and (2.12) with f(t) = e/ and ¢, = 0, we get:

>0 o0 o0

X(jQ) = / S(t)e dt = / S(t)e 1 0dt = eIt / S(t)dt = e 0 =1

— O — 00 — 0

Spectrum of §(t) has unit amplitude at all frequencies

Based on §(¢), Fourier transform can be used to represent
continuous-time periodic signals. Consider

X(jQ) = 276(Q — Q) (2.14)

H. C. So Page 22



Taking the inverse Fourier transform of X (j€2) and employing
Example 2.7, z(¢)is computed as:

o0

1 . .
I’(t) — % / 27’(’5(9 — Qo)ejgtdQ p— engt (215)

As a result, the Fourier transform pair is:
e/t <3 25 (Q — Q) (2.16)

From (2.4) and (2.16), the Fourier transform pair for a
continuous-time periodic signal Is:

Z apel 0t oy Z 2ma0 (2 — k) (2.17)
k=—00 k=—00
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Example 2.8
Find the Fourier transform of x(¢) =" __ 6(t — kT) which is

called an impulse train.

Clearly, x(t) is a periodic signal with a period of 7. Using
(2.5) and Example 2.7, the Fourier series coefficients are:

T/2
1

1 iy
aj. T / 5(t>€ ijOtdt = T

—T/2

with €y = 27/T. According to (2.17), the Fourier transform is:
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Fig.2.7: Fourier transform pair for impulse train

Fourier transform can be derived from Fourier series:
Consider x(t) and z(t):

boa(t) boa)

A N

i | >
0 t _T=T/2 0T/ Tt
Fig.2.8: Constructing z(t) from x(t)
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z(t) Is constructed as a periodic version of x(t), with period T

According to (2.5), the Fourier series coefficients of z(t) are:

T/2
1 .
ap = — / (t)e IF Nl dt (2.18)

T
T2

where Q,=27/T . Noting that x(t)=z(t) for |t|<T/2 and
z(t) =0 for |t| > T/2, (2.18) can be expressed as:

T/ .
1 I 1 .
ar = — / x(t)e It = 7 / x(t)e IH 0l qy (2.19)

T2
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According to (2.8), we can express a; as:

1 .
ap = TX(]kQO) (2.20)

The Fourier series expansion for :”é(t) IS thus:

6.

1 .
Ft)= Y TX(ijO)eijUt = Z QX (jEQ)e/ Mt (2.21)

k=—00 —00

Considering 7(t) — z(t) as T — oo or Qy — 0 and QX (jkQ)e/ !
as the area of a rectangle whose height is X (jkQ)e’/*"" and
width corresponds to the interval of [k, (k + 1)§2|, we obtain

0@

2i / X ()’ d0(2.22)
-

z(t) = lim Z(t) = lim — Z Qo X (k) e/ ! =

Qp—0 QU—)’U 7
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Linear Time-Invariant (LTIl) System

» Linearity: if (z((t),y:(t)) and (xy(t), y-(t)) are two input-output
pairs, then ax(t) + bxs(t) — ayi(t) + bys(t)

» Time-Invariance: if z(t) — y(t), then x(t — ty) — y(t — to)

* The Input-output relationship for a LTI system is
characterized by convolution:

y(t) = 2(t) @ h(t) = [ w(r)h(t — 7)dr (2.23)

— o0

where z(t), y(t) and h(t) are input, output and impulse
response, respectively

= Convolution Iin time domain corresponds to multiplication
In Fourier transform domain, iI.e.,

#(t) @ h(t) < X (GO H(Q) (2.24)
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Proof:

The Fourier transform of z(t) ® h(t) is

Y () = / / x(T)h(t — 7)e 7 Hdrdt

/ r(T)h(we e Mdrdu, u=t—rT

— /:z;(fr)e_jmd'r : /h(u)e_jQ“du

— X(jQ)- H(O) (2.25)

This suggests that y(t) can be computed from inverse
Fourier transform of X (jQ)H (j¢2).
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Chapter 3: Discrete-Time Signals and Systems

Chapter Intended Learning Outcomes:

(1) Understanding deterministic and random discrete-time
sighals and ability to generate them

(i) Ability to recognize the discrete-time system properties,
namely, memorylessness, stability, causality, linearity and
time-invariance

(i) Understanding discrete-time convolution and ability to
perform its computation

(iv) Understanding the relationship between difference
equations and discrete-time signals and systems
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Discrete-Time Signal

» Discrete-time signal can be generated using a computing
software such as MATLAB

" It can also be obtained from sampling continuous-time
signals in real world

A
x(t)
x(nT)

J .

=T 0727 --- t

Fig.3.1:Discrete-time signal obtained from analog signal
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» The discrete-time signal z(nT') is equal to x(t) only at the
sampling interval of t=n7, n=---—1,0,1,2,---

zln] = x(t)|j=pr = z(nT), n=---—1,0,1,2,--- (3.1)

where 7' is called the sampling period

= z|n| IS a sequence of numbers, ---z[—1], z[0], z[1], z[2], - - -, with
n being the time index

Basic Sequences

» Unit Sample (or Impulse)
1, n=0
5[n] = { ) Z# X (3.2)
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It is similar to the continuous-time unit impulse §(¢) which is
defined in (2.10)-(2.12)

6|n| Is simpler than 46(t) because it is well defined for all n
while 4(t) is not defined at ¢t = 0

= Unit Step

ufn] = { ozl (3.3)

It is similar to to the continuous-time wu(¢) of (2.13)

uln| i1s well defined for all n but «(t) is not defined ¢ = 0.
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6n] Is an important function because it serves as the
building block of any discrete-time signal x|n]:

xin| = -+ z|—1|0[n + 1] + z[0]d|n] + x[1]0n — 1] + - - -
= ) x[k|o[n — k] (3.4)

For example, u[n| can be expressed in terms of §[n| as:
uln] =) 6n — k] (3.5)

Conversely, we can use u|n| to represent §|n|:

o|n| = un] — uln — 1] (3.6)
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Introduction to MATLAB
» MATLAB stands for "Matrix Laboratory”

* Interactive matrix-based software for numerical and
symbolic computation iIn scientific and engineering
applications

* Its user interface is relatively simple to use, e.g., we can
use the help command to understand the usage and

syntax of each MATLAB function

» Together with the availability of numerous toolboxes,
there are many useful and powerful commands for various
disciplines

» MathWorks offers MATLAB to C conversion utility

» Similar packages include Maple and Mathematica

H. C. So Page 6



Discrete-Time Signhal Generation using MATLAB

A deterministic discrete-time signal z|n] satisfies a
generating model with known functional form:

z[n] = f(v,n) (3.7)

where f(-) is a function of parameter vector @ and time
iIndex n. That is, given f(-) and %, x[n| can be produced

e.g., the time-shifted unit sample [n —ny] and unit step
function u[n — ny|, where the parameter is ny

e.g., for an exponential function "7, we have ¢ = [a ng)
where « Is the decay factor and n Is the time shift

e.g., for a sinusoid Acos(wn +60) , we have ¥ = [A w 0]
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Example 3.1
Use MATLAB to generate a discrete-time sinusoid of the
form:

xln] = Acos(wn+6), n=0,1,--- N —1

with A=1, vw=0.3,0=1and N =21, which has a duration of
21 samples

We can generate z|n| by using the following MATLAB code:

N=21; %number of samples 1s 21
A=1; %tone amplitude 1s 1
w=0.3; %frequency 1s 0.3

p=1; %phase 1s 1

for n=1:N

x(n)=A*cos(W*(n-1)+p); %time Index should be >0
end
Note that X Is a vector and its index should be at least 1.
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Alternatively, we can also use:

N=21; %number of samples 1s 21
A=1; %tone amplitude 1s 1

w=0.3; %frequency 1s 0.3

p=1; %phase 1s 1

n=0:N-1; %define time 1ndex vector
x=A.*cos(w.*n+p); %First time i1Index 1s also 1
Both give

X =

Columns 1 through 7

0.5403 0.2675 -0.0292 -0.3233 -0.5885 -0.8011 -0.9422
Columns 8 through 14

-0.9991 -0.9668 -0.8481 -0.6536 -0.4008 -0.1122 0.1865
Columns 15 through 21

0.4685 0.7087 0.8855 0.9833 0.9932 0.9144 0.7539
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To plot z|n|, we can either use the commands stem(x) and
plot(x)

If the time index iIs not specified, the default start time is
n=1

Nevertheless, it Is easy to include the time index vector In
the plotting command

e.g., Using stem to plot z|[n| with the correct time index:

N=0:N-1; %N 1S vector of time 1ndex
stem(n,Xx) %plot X versus n

Similarly, plot(n,x) can be employed to show z|n|

The MATLAB programs for this example are provided as
ex3 1.mandex3 1 2.m
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Fig.3.2: Plot of discrete-time sinusoid using stem
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Fig.3.3: Plot of discrete-time sinusoid using plot
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Apart from deterministic signal, random signal is another
Importance signal class. It cannot be described by
mathematical expressions like deterministic signals but is
characterized by its probability density function (PDF).
MATLAB has commands to produce two common random
sighals, namely, uniform and Gaussian (normal) variables.

A uniform integer sequence x|n] whose values are uniformly
distributed between O and m, can be generated using:

zln] = (a - zn —1]) mod (m) (3.8)

where ¢ and m are very large positive integers, z|n| is the
reminder of dividing a - x[n — 1] by m

Each admissible value of 0<zn]<m has the same
probability of occurrence of approximately 1/m
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We also need an initial integer or seed, say, z|—1] € [0,m — 1],
for starting the generation of x|n|

(3.8) can be easily modified by properly scaling and shifting

e.g., a random number which is uniformly between —-0.5
and 0.5, denoted by y|n|, is obtained from x|n|:

yln| = @ — 0.5 (3.9)
m
The MATLAB command rand iIs used to generate random
numbers which are uniformly between O and 1

e.g., each realization of stem(0:20,rand(1,21)) gives a

distinct and random sequence, with values are bounded
between O and 1
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Fig.3.4: Uniform number realizations using rand
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Example 3.2

Use MATLAB to generate a sequence of 10000 random
numbers uniformly distributed between —0.5 and 0.5 based
on the command rand. Verify its characteristics.

According to (3.9), we use u=rand(1,10000)-0.5 to
generate the sequence

To verify the uniform distribution, we use hist(u,10),
which bins the elements of u Into 10 equally-spaced
containers

We see all numbers are bounded between —0.5 and 0.5, and

each bar which corresponds to a range of 0.1, contains
approximately 1000 elements.
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Fig.3.5: Histogram for uniform sequence
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On the other hand, the PDF of u, denoted by p(u), is

(1) = I, =05 <u<0.5
PR = 0, otherwise

such that [~ p(u)du = 1. The theoretical mean and power of
u, are computed as

00 0.5
FE{u} :/ up(u)du:/ udu = %uQ

—0.5

0.5

and

E{u?) / Z W2p(u)du = / " ol — éqﬁ

0.5

o5 12

Average value and power of u In this realization are

computed using mean(u) and mean(u.*u), which give 0.002
and 0.0837, and they align with theoretical calculations
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Gaussian numbers can be generated from the uniform
variables

Given a pair of independent random numbers uniformly
distributed between O and 1, (u;,us) , a pair of independent

Gaussian numbers (w;, w,), which have zero mean and unity
power (or variance), can be generated from:

wi = v/ —21n(uy) - cos(2mus) (3.10)

and

wy = \/—21In(uy) - sin(2ru,) (3.11)

The MATLAB command is randn. Equations (3.10) and
(3.11) are known as the Box-Mueller transformation

e.g., each realization of stem(0:20,randn(1,21)) gives a

distinct and random sequence, whose values are fluctuating
around zero
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Example 3.3

Use the MATLAB command randn to generate a zero-mean
Gaussian sequence of length 10000 and unity power. Verify
Its characteristics.

We use w=randn(1,10000) to generate the sequence and
hist(w,50) to show its distribution

The distribution aligns with Gaussian variables which is
Indicated by the bell shape

The empirical mean and power of w computed using
mean(w) and mean(w.*w) are 4.1992 x 10~* and 1.0028

The theoretical standard deviation is 1 and we see that
most of the values are within —3 and 3
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Discrete-Time Systems

A discrete-time system is an operator 7 which maps an
Input sequence z|n| into an output sequence y|n|:

yln] = Tizln]} (3.12)

» Memoryless: y[n| at time n depends only on x|n| at time n

* Linear: obey principle of superposition, i.e., if
yln] = T{zin]} and yoln] = T{zs[n]}
then
THaxi[n] 4 bxsn]} = aT{a1[n]} + 0T {xs[n]} = ayi[n] + byo[n] (3.13)
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Example 3.4
Determine whether the following system with input z[n| and

output y[n], is linear or not:

yln] = > k]

k=—00

A standard approach to determine the linearity of a system
IS given as follows. Let

yiin| = T{x;n|}, i=1,2,3
with

x3[n] = axi[n] + bas[n]

If ys|n| = ayi[n] + bys|n], then the system is linear. Otherwise,
the system is nonlinear.
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Assigning xs|n| = ax|n] + bxy|n|, we have:

ysln] = Z 3|k

k——oo

k=—00
= a Z z1|k] + b Z 7o [K]
k=—0o0 =—00
= ayi|n| + bys|n|

Note that the outputs for z;[n] and z;n] are yi[n] = > x[k]
and y[n] = 325 w2[k]

As a result, the system is linear
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Example 3.5
Determine whether the following system with input z[n| and

output y[n], is linear or not:

y[n] = 3z°[n] + 2z[n — 3]

The  system outputs  for zn] and xn|] are
yi[n] = 3xi{[n] + 2z([n — 3] and y[n] = 3x35[n] + 2x5[n — 3]. Assigning
r3n] = axq|n] + bxs|n], its system output is then:

ys[n] = 3xi[n] + 2x3[n — 3]
= 3 (azy[n] + baa[n])” + 2ax1[n — 3] + 2bxs[n — 3]
= 3 (a’z{[n] 4+ b*z3[n] + 2abzy[n]zs[n]) + 2axi[n — 3] 4 2bxs[n — 3]
# a (3zi[n] + 2x1[n — 3]) + b (3z3[n] + 222[n — 3))

ayi|n] + bys|n|

As a result, the system is nonlinear
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* Time-Invariant: a time-shift of Input causes a
corresponding shift in output, I.e., if

yln] = T{z(nl}

yln —nol = TH{z[n — nel} (3.14)

then

Example 3.6
Determine whether the following system with input z[n| and

output y[n], is time-invariant or not:

k=—o00

A standard approach to determine the time-invariance of a
system is given as follows.
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Let
yiln] = Trzin]}
with z[n] = z|n — ny

If yn|=yln—n) , then the system is time-invariant.
Otherwise, the system is time-variant.
From the given input-output relationship, yn — ng is:

n—ny

yln — ng) = Z z|k]|

k=—o0

Let x1[n| = x|n — ng|, its system output is:

yin] = Y a[k]= Y alk—n= Y =fl], I=k-n
k=—0o0 k=—00 [=—00

— ?J[’n — ’no]
As a result, the system is time-invariant.
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Example 3.7
Determine whether the following system with input z[n| and

output y[n|, is time-invariant or not:

y|n] = 3x(3n]

From the given input-output relationship, yin — ny| is of the
form:

yln — ng] = 3x[3(n — ny)| = 3z[3n — 3ng)
Let x1[n| = x|n — ng|, its system output is:

y1|n| = 3x1[3n] = 3x[3n — ng| # yln — ny

As a result, the system is time-variant.

H. C. So Page 29



» Causal: output y[n] at time n depends on input z|n| up to
time n

For linear time-invariant (LTI) systems, there is an

alternative definition. A LTI system is causal if its impulse
response h|n| satisfies:

hin]=0, n<0 (3.15)

» Stable: a bounded input z[n] (|z[n]| <o) produces a
bounded output y[n] (Jy[n]| < o)
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For LTI system, stability also corresponds to

S Jhfn]| < o (3.16)

n=—oo

Convolution

The Input-output relationship for a LTI system is
characterized by convolution:

yln] = z[n] @ h[n] = Y a[m]hn — m] (3.17)

which is similar to (2.23)
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(3.17) is simpler as it only needs additions and
multiplications

h|n] specifies the functionality of the system

= Commutative
z[n] @ hin| = h[g] ® z|n] N
= Y zfmliln—m]= ) h[mjzln—m] (3.18)
yln

and ) B C
| = x[n] ® hi|n| ® hy|n]

| & holn] @ hy[n]

= z|n| ® (hi[n] ® hy|n]) (3.19)

|
|H|
S
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Fig.3.8: Commutative property of convolution
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* Linearity

yln] = z[n] @ (hin] + haln]) = x[n] @ hi[n] + 2[n] @ hy[n]

> u[n] + holn] -

Fig.3.9: Linear property of convolution
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Example 3.8

Compute the output y[n| if the input is z[n| =uln] and the
LTI system impulse response is hln]=dn]+ 0.56n — 1]
Determine the stability and causality of system.

Using (3.17), we have:

o0

yln] = x[n] @ hin] = > a[m]hln —m]

m/:_oo
o0

= Y um](d[n —m]+0.50[n — 1 — m])

m—=—0~co
0.0

_ Z (0[n —m] 4+ 0.56[n — 1 —m])

= ié[n—m]—k@ﬁié[n—l—m} = u[n] + 0.5uln — 1]

m=0 m=0
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Alternatively, we can first establish the general relationship
between y[n| and z|n| with the specific h[n| and (3.4):

>0

y[n] = zfn]@h[n) = )  x[mlhln —m]

= Y a[m] (8[n — m] + 0.5[n — 1 — m])
— Z zlmléln —m]+ 0.5 Z z[m]oln — 1 —m]

= zx[n| 4+ 0.5z[n — 1]
Substituting z|n| = uln| yields the same y|n|.
Since > |r[n]| =3}, |h[n]| = 1.5 < co and h[n] =0 for n < 0

the system is stable and causal
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Example 3.9

Compute the output y[n| if the input is z[n| = a"u[n| and the
LTI system impulse response is hn]= uln]— uln— 10|
Determine the stability and causality of system.

Using (3.17), we have:

o0

yln] = ) a[mlhln —m]

m=—0o0
0.

— Z a"ulm| (uln —m|] — un — 10 — m|)

m=—0oo
oo

= Z a™ (uln —m] —uln — 10 — m))

m=0
o0

:Za uln —m iamun—lo—m]

m=0 m=0
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Let yin|=> " a™uln—m] and yln]=>"_,a"u[n — 10 —m)]
such that yn|=yn]—yn]. By employing a change of
variable, y[n]is expressed as

yn] = Z auln —m| = Z a""ulk], k=n-—m

|
S
i
he
=
S

k=—o0

Since ulk] =0for k <0, yn]=0 forn <0. Forn >0, y|n]is:

. 1 — an+1
yiln] = Za”_ku[k] —l4+ag4+.--4+aq" =
k=0

1l —a

That is,
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Similarly, y,|n| is:

Yoln| = Z a"uln — 10 — m)|

O
Tm=
n—

_ O

0
= Z " Fulk], k=n—10—m

k=—o0

Since ulk| =0 for k <0, y[n|=0 forn < 10. For n > 10, y|n] is:

n—10 . 1 — an—9
Yo|n| = ;a”_m_ —l+a+---+a" "= —
That is,
1 — an—9
Yo|n] = uln — 10]
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Combining the results, we have:

1 — n+1 1 — n—9
yin) = ———uln] = ———uln — 10]
or

(0, n <0

1_an—|-l
0< 10
ylnj=¢ 1-—a "’ =S
an—9 (1 . alO)
, 10 <n
\ 1—&

Since S |n[n]] =32, |h[n]| = 10 < oo, the system is stable.
Moreover, the system is causal because h|n] =0 for n < 0.
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Example 3.10
Determine y[n| = x|n| ® h|n| where x[n| and h|n] are

{n2+1, 0<n<3
z[n| =

0, otherwise

and
hin] = n+1, 0<n<3
10, otherwise

Here, the lengths of both z[n| and h[n] are finite. More
precisely, z[0] =1, 2[1] =2, 2[2] =5, z[3] =10, &A[0]=1, hll] =2,
h12] =3 and h[3] =4 while all other z[n| and h|n] have zero
values.
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We still use (3.17) but now it reduces to a finite summation:

yln] = ) x[mlhln —m]

= z|0|h|n] + z|1]|hn — 1] + z[2]h|n — 2| + z|3|h|n — 3]

| — |

By considering the non-zero values of h[n], we obtain:

(1, n=0
4, n=1
12, n =2
30, n=23
MM_<4&n:4
50, n =5
40, n =06

| 0, otherwise
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Alternatively, for finite-length discrete-time signals, we can
use the MATLAB command conv to compute the convolution

of finite-length sequences:

Nn=0:3;
X=n.N2+1;
h=n+1;
y=conv(x,h)

The results are

y=1 4 12 30 43 50 40

As the default starting time indices in both h and x are 1,
we need to determine the appropriate time index for y
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The correct index can be obtained by computing one value
of y|n| using (3.17). For simplicity, we may compute y[0]:

0.0

y[o] = ) a[m]h[-m]
m-_-_—io:c[—l]h[l] + z[0]h[0] + z[1]h[—1] + - - -
= x[0]h[0]

=1

In general, if the lengths of zn] and h{n| are M and N,
respectively, the length of y[n| = z[n| ® hln]is (M + N — 1).
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Linear Constant Coefficient Difference Equations

For a LTI system, its input z|n] and output y[n| are related via
a Nth-order linear constant coefficient difference equation:
N

Zakyn— Zbkxn— (3.21)

k=0

which is useful to check whether a system is both linear and
time-invariant or not

Example 3.11

Determine if the following Input-output relationships
correspond to LTI systems:

(@) y[n|=0.1y[n — 1]+ z[n] + z[n — 1]
(b)  yln] ==xn+ 1]+ z[n]
() yln]=1/z[n]
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We see that (a) corresponds to a LTI system with N = M =1,
ag = 1, a1:—0.1and bp=b; =1

For (b), we reorganize the equation as:
y[n] = z[n+ 1] + z[n] = yln — 1] = zn| + zn — 1]

which agrees with (3.21) when N=M=1, ay=0 and
a, = by = by = 1. Hence (b) also corresponds to a LTI system

For (c), it does not correspond to a LTI system because z|n|
and y[n| are not linear in the equation

Note that if a system cannot be fitted into (3.21), there are
three possibilities: linear and time-variant; nonlinear and
time-invariant; or nonlinear and time-variant
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Example 3.12
Compute the impulse response h|n| for a LTI system which is

characterized by the following difference equation:

yln] = zln| — z[n — 1]

Expanding (3.17) as

yln] = ) hlmlzln —m]

= ...+ h|—1]z|n + 1] + A]0]z|n] + All]lzn — 1] + - -

we can easily deduce that only A[0] and h[1] are nonzero. That
IS, the impulse response is:

hin] = d|n] — dln — 1]
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The difference equation is also useful to generate the
system output and input.

Assuming that a; # 0, y[n| is computed as:

yln] = a,i (— Z apyln — k| + Z bprin — k]) (3.22)
’ k=0

k=1

Assuming that b, # 0, z|n| can be obtained from:

N
x|n] :bi (Zakyn— Zbka:n—k) (3.23)

k=0
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Example 3.13
Given a LTI system with difference equation of
yln| = 0.5y[n — 1] + z[n| + z[n — 1], compute the system output
yln] for 0 <n <50 with an input of z[n| =u[n|. It is assumed
that y|—1] = 0.

The MATLAB code iIs:

N=50; %data length 1s N+1
y(1)=1; %compute y[0O], only X[n] 1s nonzero
for n=2:N+1

y(n)=0.5*y(n-1)+2; %compute y[1],y[2], .. ,y[50]
Wx[n]=x[n-1]=1 for n>=1

end

n=[0:N]; %set time axis

stem(n,y);
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system output

PaVaVaVaVaVaVaVaVaVaVaVaVaVaVaVaVaVaVaVaVaVaVaVaVaVaVaVaVaVaVaVaVaVaVaVaVaVaVaVaVay
LUDANPAN ZAN ZAN ZAN ZAN FAN FAN ZAN Z AN FAN FAN FAN ZAN FAN FAN FAN FAN FAN FAN FAN FAN AN ZAN AN FAN VAN ZAN ZAN ZAN ZAN ZAN ZAN ZAN AN FAN AN AN AN AN FAN ZAY

3.5

y[n]

1.5

1¢ -

0.5

0 10 20 30 40 50
n

Fig.3.10: Output generation with difference equation
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Alternatively, we can use the MATLAB command fi1lter by
rewriting the equation as:

y[n] — 0.5y[n — 1] = z[n] + x[n — 1]
The corresponding MATLAB code Is:

x=ones(1,51); %define 1nput
a=[1,-0.5]; %define vector of a k
b=[1,1]; %define vector of b k
y=Filter(b,a,Xx); %produce output

stem(0:length(y)-1,y)

The X Is the input which has a value of 1 for 0 <n < 50, while
a and b are vectors which contain {a;} and {b;}, respectively.

The MATLAB programs for this example are provided as
ex3 13.mand ex3 13 2.m.
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Chapter 4: Sampling and Reconstruction of
Analog Signals

Chapter Intended Learning Outcomes:

(i) Ability to convert an analog signal to a discrete-time
sequence via sampling

(i) Ability to construct an analog signal from a discrete-time
sequence

(i) Understanding the conditions when a sampled signal
can uniquely represent its analog counterpart
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Sampling

* Process of converting a continuous-time signal z(t) into a
discrete-time sequence z|n|

» z[n] IS oObtained by extracting z(t) every T' s where T is
known as the sampling period or interval

sample at
© L el =
x(t x\n| = x(nl’
> o\c >
analog discrete-time
signal signal

Fig.4.1: Conversion of analog signal to discrete-time sequence
» Relationship between z(t) and z|n| is:

zn| = x(t)|izpr = xz(nT), n=---—1,0,1,2,--- (4.1)
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» Conceptually, conversion of z(¢) to z|n| is achieved by a

continuous-time to discrete-time (CD) converter:
CD converter

(t) z4(t) | Impulse train | | z[n]
— to sequence >
conversion

Fig.4.2: Block diagram of CD converter
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» A fundamental question is whether z[n| can uniquely
represent x(t) or if we can use z|n| to reconstruct xz(¢)

Fig.4.3: Different analog signals map to same sequence
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But, the answer is yes when:

(1) =«x(¢t) is bandlimited such that its Fourier transform
X (y62) =0 for |Q2] > Q, where ), is called the bandwidth

(2) Sampling period T is sufficiently small

Example 4.1
The continuous-time signal z(t) = cos(200nt) is used as the

input for a CD converter with the sampling period 1/300 s.
Determine the resultant discrete-time signal x[n] .

According to (4.1), z[n|is
2
z|n| = x(nT) = cos(200n7T) = cos (%n) Con=---—1.0,1,2 -

The frequency in z(t) is 2007 rads™' while that of z[n] is 27/3
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Freguency Domain Representation of Sampled Signal

In the time domain, z4(¢) is obtained by multiplying x(¢) by
the impulse train i(¢t) =>"" _ §(t — kT):

0.0

xy(t) = z(t) i 5t —kT) =Y  x[k]o(t — kT) (4.2)

k=—00 k=—0o0

with the use of the sifting property of (2.12)

Let the sampling frequency in radian be Q,=2x/T (or
F,=1/T =Q,/(2m) in Hz). From Example 2.8:

1(j9) = Q, i 5(Q2 — kQ,) (4.3)

k=—00
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Using multiplication property of Fourier transform:

1
ni(t) - malt)  5-X(j) © Xo(j2) = / X, (57) Xl (2 — 7))dr(4-4)
where the convolution operation corresponds to continuous-
time signals

Using (4.2)-(4.4) and properties of §(¢), X (582) is
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— _ X(5(Q— kQy)) (4.5)

which is the sum of infinite copies of X (;(2) scaled by 1/T
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When (), Is chosen sufficiently large such that all copies of
X(yQ2)/T do not overlap, that is, Q, — 2, > €, or €, > 2(),, we
can get X (j¢2) from X,(;Q2)

11X (Q)
> 1
- 0 () \ 7 /\ /
I(j82) —Q, 202, SZ

(), A

T T Qb Q oS
! >

—€, 0 Q 202, )

Fig.4.4: X,(jQ2) = X(yQ) ® I(52) for sufficiently large (,
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When ), iIs not chosen sufficiently large such that Q, < 2¢,
copies of X (;Q)/T overlap, we cannot get X(5Q2) from X,(;<),
which is referred to aliasing

xGo)
X.(9)
> 1
— 0 & ATA A AN/
I Q | //\\ | //\\ //\\ | //\\ | //\\ | //\\ | o
(742) 90, —Q. 0\ Q. 20, 30, 4Q, 0
Q, A
S ENEEERE
|

—2Q0, —=Q¢ 0 Qg 20, 305 40, Q

Fig.4.5: X,(jQ) = X(JQ) ® 1(5§2) when €, is not large enough
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Nyqguist Sampling Theorem (1928)

Let x(t) be a bandlimited continuous-time signal with
X(j) =0, Q> (4.6)

Then z(¢) is uniquely determined by its samples z|n| = x(nT),
n=---—10,1,2--- if
2T

Q, = — > 20 4.7
T> b ( )

The bandwidth ), iIs also known as the Nyquist frequency
while 20}, is called the Nyquist rate and (), must exceed it In

order to avoid aliasing
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Application fo=/(2m) | fs = Q/(27)
Biomedical < 500 Hz 1 kHz
Telephone speech |< 4 kHz 8 kHz
Music <20kHz 44.1 kHz
Ultrasonic < 100 kHz 250 kHz
Radar < 100 MHz 200 MHZz

Table 4.1: Typical bandwidths and sampling frequencies In
sighal processing applications

Example 4.2

Determine the Nyquist frequency and Nyquist rate for the
continuous-time signal z(¢) which has the form of:

x(t) = 1 4 sin(20007t) + cos(40007t)

The frequencies are 0, 2000r and 4000r . The Nyquist
frequency is 40007 rads™' and the Nyquist rate is 80007 rads™!
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Xo(78)
\ \A /o

—Q 20, O | X, (59)
W0, -
H(jQ) — 0
I Qp < Q. < Qs —
/ >
—Q. 0 €, ()

Fig.4.6: Multiplying X;(5$2) and H(;¢2) to recover X(;)

In frequency domain, we multiply X,(;Q2) by H(jQ2) with
amplitude 7 and bandwidth €. with Q, < Q. <Q,—€,, to
obtain X, (52), and it corresponds to z,.(t) = zs(t) ® h(t)

H. C. So Page 13
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Reconstruction

» Process of transforming z[n] back to z(t)
DC converter

> impulse train — H(j) >
conversion

Fig.4.7: Block diagram of DC converter
From Fig.4.6, H(j52) is
T, —Q.< Q<.

0, otherwise

-

where Q, < Q2. < Q, —

H. C. So Page 14
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For simplicity, we set (). as the average of ¢, and (Q, — ):

(. =

(4.9)

(g 7
2 T
To get h(t), we take inverse Fourier transform of H(;(2) and
use Example 2.5:

00 /T
1 ' 1 - T sin(wt/T
h(t) = — [ H(jQ)e!MdQ = — / Teitgq — L8t/ T)
2m 2m it
— —7/T
sine ( 5 (4.10)
= Sl — _
T

where sinc(u) = sin(7mu) /(7u)
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Using (2.23)-(2.24), (4.2) and (2.11)-(2.12), x,(t) is:

r,.(t) = x4(t) ® h(t)

ix tkT)@h(t)

Zaz O(1 — KT)h(t — 7)dT

k=—00

(2
12

— :Z: x|klsinc (t _TkT) (4.11)

which holds for all real values of ¢

H. C. So Page 16



The interpolation formula can be verified at t = nT':

z.(nT) = i x|klsinc (n — k) (4.12)
k=—00

It Is easy to see that
_ sin((n — k)m)

sinc (n — k) = ' — k) =0, n#k (4.13)
For n = k, we use L'Hopital’s rule to obtain:
| dsin (mm)
sinc(0) = lim sin () = lim — 47— iy m cos{mm) =1(4.14)
m—0 m m—+0 dmm m—+0 T
dm
Substituting (4.13)-(4.14) into (4.12) yields:
r.(nT) = x|n| = z(nT) (4.15)

which aligns with z,.(t) = x(t)
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Example 4.3
Given a discrete-time sequence zn| =z(nT). Generate its

time-delayed version y[n| which has the form of

yln] = z(nT — A)

where A#mT >0 and m IS a positive integer. Applying
(4.11) with ¢t = nT — A

Mﬂzﬂﬂﬂlwﬂzziixwﬁm(?T_i?_A)

k=—00

By employing a change of variable of [ = n — k:

= CT—A)
E €T n — l Smc

H. C. So Page 18



Note that when A =mT, the time-shifted signal is simply
obtained by shifting the sequence z|n] by m samples:

yln] = x(nT — mT) = x[n — m|

Sampling and Reconstruction in Digital Signal Processing

——»  CD converter dlgr';ilezggfl » DC converter ——»
(t) zn P y[n] y(t)

Fig.4.8: ldeal digital processing of analog signal

» CD converter produces a sequence x|n| from z(¢)
» x[n] IS processed in discrete-time domain to give y[n)
» DC converter creates y(t) from y[n| according to (4.11):

y(t) = Z y|k]sinc (t _TkT) (4.16)

k=—0o0

H. C. So Page 19



2(t)

anti-aliasing
filter

:tb(t)

_| analog-to-digital

converter

z[n]

digital signal
processor

y[n]

_| digital-to-analog

converter

Fig.4.9: Practical digital processing of analog signal

» z(t) may not be precisely bandlimited = a lowpass filter or
anti-aliasing filter is needed to process x(t)
* ldeal CD converter is approximated by AD converter

= |deal

» Not practical to generate §(¢)

= AD converter introduces guantization error
DC converter is approximated by DA converter

because ideal reconstruction of (4.16) is impossible

» x[n] and y[n| are quantized signals

H. C. So
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* Not practical to perform infinite summation
= Not practical to have future data



Example 4.4
Suppose a continuous-time signal z(t) = cos({)yt) is sampled at

a sampling frequency of 1000Hz to produce z|n]:
mn
x|n| = cos (I)

Determine 2 possible positive values of €, say, ; and (.
Discuss if cos({1t) or cos(€:t) will be obtained when passing

z|n] through the DC converter.

According to (4.1) with 7= 1/1000 s:

™ Qon

BC——.

(2, IS easily computed as:

™m Qn L - 10007
4 1000 T

H. C. So Page 21
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(2, can be obtained by noting the periodicity of a sinusoid:

™ ™ 9N Con
COS (—) — COS (— + 27’1/77) —cos| — | =cos | ——
4 4 4 1000

As a result, we have:

9 Cbon 90007
— = — 9 = = 22507
4 1000
This is illustrated using the MATLAB code:
01=250*p1; %First frequency
02=2250*p1; %second frequency

Ts=1/100000;%successive sample separation 1s 0.01T
t=0:Ts:0.02;%0bservation interval

x1=cos(01l.*t); %tone from first frequency
x2=cos(02.*t); %tone from second frequency

There are 2001 samples Iin 0.02s and interpolating the
successive points based on plot yields good approximations
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0.8

0.6

0.4

0.2

-0.2

-0.4

-0.6

-0.8

)
D

0 Q Q 0 Q
N —@ X[n] 4
O} O 0] O}
O 1 1 C 1
0 5 10 15
n

Fig.4.10: Discrete-time sinusoid
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Fig.4.11: Continuous-time sinusoids
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Passing z|n| through the DC converter only produces cos({2t)
but not cos(£2,t)

The Nyquist frequency of cos(Qt) is 22507 rads™' and hence the
sampling frequency without aliasing is €2, > 45007

Given F,=1000 Hz or Q,=2000r rads ', cos(%t) does not
correspond to x|n|

We can recover z.(t) = cos({);t) because the Nyquist frequency
and Nyquist rate for cos(Q;¢) are 2507 rads~' and 5007 rads™"'

Based on (4.11), z,(t) = cos({24t) IS:

2, () = i x[k]sinc (t _TkT) RS % z|k]sinc (t _TkT)

k=—o00 k=—10

with 7'=1/1000 s
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The MATLAB code for reconstructing cos(2t) is:

n=-10:30; %add 20 past and future samples
x=cos(pi1.-*n./4),;

T=1/1000; %sampling interval 1s 1/1000
for 1=1:2000 %observed i1nterval 1s [0,0.02]

t=(1-1)*T/100;%successive sample separation is 0.01T
h=sinc((t-n.*T)./T);

Xr()=x*h_."; %approximate interpolation of (4.11)
end

We compute 2000 samples of z,.(¢t) in t € [0,0.02]s

The value of each z,.(t) at time t is approximated as x*h.
where the sinc vector is updated for each computation

The MATLAB program is provided as ex4 4.m
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t

Fig.4.12: Reconstructed continuous-time sinusoid
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Example 4.5

Play the sound for a discrete-time tone using MATLAB. The
frequency of the corresponding analog signal is 440 Hz
which corresponds to the A note in the American Standard
pitch. The sampling frequency is 8000 Hz and the signal has
a duration of 0.5 s.

The MATLAB code iIs

A=s1n(2*p1*440*(0:1/8000:0.5)) ;%discrete-time A
sound(A,8000) ; %DA conversion and play

Note that sampling frequency in Hz is assumed for sound.
The frequencies of notes B, C#, D, E and F# are 493.88 Hz,
554.37 Hz, 587.33 Hz, 659.26 Hz and 739.99 Hz,
respectively. You can easily produce a piece of music with
notes: A, A, E, E, F#, F#, E, E, D, D, C#, C#, B, B, A, A.
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Chapter 5: z Transform

Chapter Intended Learning Outcomes:

(1) Understanding the relationship between z transform and
the Fourier transform for discrete-time signals

(i) Understanding the characteristics and properties of z
transform

(i) Ability to compute z transform and inverse z transform

(iv) Ability to apply z transform for analyzing linear time-
Invariant (LTIl) systems

H. C. So Page 1



Definition

The z transform of z[n|, denoted by X (z), is defined as:

X(z) = Z x|n)z™" (5.1)

n=——0ocC

where z IS a continuous complex variable.

Relationship with Fourier Transform

Employing (4.2), we construct the continuous-time sampled
signal z,(t) with a sampling interval of T" from z|n]:

rs(t) = i znlé(t —nT) (5.2)
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Taking Fourier transform of x,(¢) with using properties of §(¢):

0.0

Xs(4Q2) = /:1:3 e Tt = / Z z(n|o(t —nT) e Mt
= Z x[n)e /" (5.3)

Defining w = Q1" as the discrete-time frequency parameter
and writing X,(5Q) as X (e/¥), (5.3) becomes

6,0

X(e) = Z z[n]e 7" (5.4)

n=——=oao

which is known as discrete-time Fourier transform (DTFT) or
Fourier transform of discrete-time signals
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X(e’¥) is periodic with period 2x:

X(ejw> _ Z CC[TL]B_jwn: Z x[n]e—j(u}—l—‘Zkﬂ)n :X(ej(w+2k7r)) (55)
where k Is any integer. Since z IS a continuous complex
variable, we can write

z =rel¥ (5.6)

where r = |z| > 0 is magnitude and w = Z(z) is angle of z.
Employing (5.6), the z transform is:

= X(re/¥) = Z (z[n]r=") e 7" (5.7)

n=——oo

which is equal to the DTFT of z[n]r~". Whenr=1o0r z =¢/*
(5.7) and (5.4) are identical:
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X(2)] oo = X() = S afn]e " (5.8)
unit circle
|zl =r=1

z-plane

Fig.5.1: Relationship between X (z) and X (¢’*) on the z-plane
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Region of Convergence (ROC)

ROC indicates when z transform of a sequence converges

Generally there exists some z such that

o0

X(z)| =] ) zln]z"| = o (5.9)

n=—oo

where the z transform does not converge

The set of values of z for which X (z) converges or

X(2) =] x| < ) Jan)e "] < oo (5.10)

n=—oo n=—oo

Is called the ROC, which must be specified along with X (z) in
order for the z transform to be complete
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Assuming that x|n| is of infinite length, we decompose X (z):

X(z)=X_(2)+ X (2) (5.11)

where » N
X(z)= 3 a7 = af-mle (5.12)

and c . "
Xi(z) = Zx[n]z_” (5.13)

Let f.(z) = x[n]z7", X, (z) is expanded as:

Xi(2) = [0z "+ 2]z 4+ 2]+ - -
= fol2)+ filz) + -+ fulz) +- - (5.14)



According to the ratio test, convergence of X (z) requires

frb+1(z)
fu(2)

lim
n—od

<1 (5.15)

Let lim |z[n + 1]/z[n]| = R, > 0. X.(2) converges if

n—oo

1 —n—1 1
lim vin + 1)z = lim zin + 1] 27 < 1
n—00 x[n]z_” n—00 aj[n]
1
2 > fim (SR ]| - R, (5.16)
e

That is, the ROC for X, (z)is|z| > R..
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Let lim |z[-m]/z[-m — 1]| = R_ > 0. X_(z) converges if

m—0Q0
L 1 m+1 L —1
lim zlzm — 1)z = lim zl=m — 1 2| <1
m—00 x[—m]zm m—00 a:[—m}
. xl—m| |
= |z|] < ﬂ%gnoo e | R_ (5.17)

As a result, the ROC for X _(z)is|z| < R_
Combining the results, the ROC for X(z)is R, < |z| < R_:

* ROCis aring when R, < R_
* No ROC if R_ < R, and X (z) does not exist
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]y ]y 3

N W
O %

z-plane z-plane

X_(z) X(z)
Fig.5.2: ROCs for X, (z), X_(z) and X(z)

Poles and Zeros

Values of z for which X(z) =0 are the zeros of X (z)

Values of 2 for which X(z) = o are the poles of X (z)
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In many real-world applications, X(z) is represented as a
rational function:
M
> bt
_ k=0

2) = 5.18
X(2) ER (5.18)
Z apz
k=0
Factorizing P(z) and Q(z), (5.18) can be written as
X(Z)Z bQ(Z—dl)(Z—d2>"'(Z—dM) (519)

ag(z —c1)(z —c9) -+ (2 — cpn)
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Example 5.1
Determine the z transform of z[n| = a"uln] where u[n| is the

unit step function. Then determine the condition when the
DTFT of x|n] exists.

Using (5.1) and (3.3), we have

oo oo

X(z) = Z a"uln|z™" = Z (az_l)n

n=—00 n=0

According to (5.10), X (z) converges if

09

—1|n
E \az \ < 00
n=0

Applying the ratio test, the convergence condition is

laz7t| <1 |z > |qf
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Note that we cannot write |z| > a because a« may be complex

For |z| > |a|, X(z) is computed as
= n 1 — (az_l)oo 1 z
X p— _1 p— p— p—
(2) Z (az ) l—az! l—az! z—a

n=0

Together with the ROC, the z transform of z|n| = a"u|n] is:

X(z)=——, |2 >a

Z — a

It is clear that X(z) has a zero at z =0 and a pole at z =a.
Using (5.8), we substitute z = ¢’“ to obtain

Jw

X (el = €| =1 > |a]

elv — q
As a result, the existence condition for DTFT of z[n] is |a| < 1.
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Otherwise, its DTFT does not exist. In general, the DTFT
X(e/¥) exists if its ROC includes the unit circle. If |z| > |a]

includes |z| =1, |a| < 1 is required.

G
&e

o

lal <1 la| > 1

Fig.5.3: ROCs for |a| < 1 and |a| > 1 when z|n] = a"u|n]
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Example 5.2
Determine the :z transform of z[n|=—a"u|-n—1]. Then

determine the condition when the DTFT of z[n] exists.

Using (5.1) and (3.3), we have

—1 00 00
X(z) = Z —a"z" = — Za_mzm = — Z (a'2)"
n=—o0 m=1 m=1

Similar to Example 5.1, X(z) converges if |[a™'z| < 1 or |z| < |a
which aligns with the ROC for X _(z) in (5.17). This gives

> a 'z (1 — (a,_lz)oo) a 'z z

X - — —1 m = — - — p—

(%) ;:1 (G Z) 1 —a !z l—alz z-—a
Together with ROC, the z transform of z|n| = —a"u|—n — 1] is:
Z

X(z) = 2zl < al

<z — a
H. C. So Page 15



Using (5.8), we substitute z = ¢’“ to obtain

W e/” Jw
X(@)= oo |e¥|=1<d

As a result, the existence condition for DTFT of z|n] is |a| > 1.

7

=

la| < 1 la| > 1

Fig.5.4: ROCs for |a| < 1 and |a| > 1 when z[n] = —a"u[—n — 1]
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Example 5.3
Determine the z transform of x[n| = a"uln] + b"u|—n — 1] where

jal < |b].

Employing the results in Examples 5.1 and 5.2, we have

1 1
X(z) = T -+ (—1 — b21> ,|z| > |a] and |z| < [D]
B (a —b)z"!
B (1—az"1)(1 =0z
(a—10)z
= ja| < |z] < [0]

(z—a)(z =)

Note that its ROC agrees with Fig.5.2.
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Example 5.4
Determine the z transform of z[n] = d[n + 1].

Using (5.1) and (3.2), we have

X(z) = Z on+1)z7" =z

Example 5.5
Determine the z transform of z|n] which has the form of:

n] = a", 0<n<N-—-1
T = 0, otherwise

Using (5.1), we have

X(z):i(a,z—l)n:l_(az_) B 1 2 —a

n=>0

1 —az! N-1 ~_ ¢
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Finite-Duration and Infinite-Duration Sequences

Finite-duration sequence: values of z|n| are nonzero only for
a finite time interval

Otherwise, z|n] is called an infinite-duration sequence:

H. C. So

Right-sided: if z[n]=0 for n < N, < ¢

where N. IS an

integer (e.g., z(n| = a"uln] with N, =0; z|n] = a"uln — 10] with

N, =10; z[n] = a"u[n + 10] with N, = —10)

Left-sided: if zn]=0 for , ~ N > —
integer (e.g., z|n| = —a"u|—n — 1] with y —
Two-sided: neither right-sided nor

Example 5.3)
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7
TT 2] > 0
“o—0—0—0 o—o R
e
7.
“:r:[n]
[ I 7
2] < o0
STt T R
x[n) % 3
[ [ T 0<|z] <o
e | T) ey :
1 o1 2 l
7

Fig.5.5: Finite-duration sequences
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Figure 5.6: Infinite-duration sequences
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Sequence Transform ROC

d[n] 1 All z

6ln — m)| Zm 2| >0, m>0;|z] < oo, m <0
! 2| > al

a"uln] 1 —az"!
1

—a"u[-n —1] |1—az"! 12| < |a
a,z_l

na"uln| (1—az"1) 2 > |af
az"!

—na"u[n 1] {1 — az 1) 2| < lal

1 —acos(b)z!
a" cos(bn)u[n| |1 — 2acos(b)z~! + az=2||z| > |a
asin(b)z !
a"sin(bn)u[n] |1 — 2acos(b)z~! + az~2||z| > |a

Table 5.1: z transforms for common sequences

H. C. So
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Eight ROC properties are:

P1. There are four possible shapes for ROC, namely, the
entire region except possibly z =0 and/or z =0, a ring, or
Inside or outside a circle In the z-plane centered at the
origin (e.g., Figures 5.5 and 5.6)

P2. The DTFT of a sequence z|n] exists if and only if the ROC
of the 2 transform of z[n| includes the unit circle (e.qg.,
Examples 5.1 and 5.2)

P3: The ROC cannot contain any poles (e.g., Examples 5.1
to 5.5)

P4: When z[n]is a finite-duration sequence, the ROC is the
entire z -plane except possibly z=0 and/or z=> (e.g.,
Examples 5.4 and 5.5)
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P5: When z|n]is a right-sided sequence, the ROC is of the
form |z| > |pn.| Where p,.. IS the pole with the largest
magnitude in X(z) (e.g., Example 5.1)

P6: When z|n| is a left-sided sequence, the ROC is of the
form |z| < |pmin| Where p,;, is the pole with the smallest
magnitude in X(z) (e.g., Example 5.2)

P7: When z[n] is a two-sided sequence, the ROC is of the
form |p,| < |z| < |ps| Where p, and p, are two poles with the
successive magnitudes in X(z) such that |p,| < |ps| (e.9.,
Example 5.3)

P8: The ROC must be a connected region

Example 5.6
A z transform X (z) contains three poles, namely, a, b and c

with |a| < |b] < |c|. Determine all possible ROCs.
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3 3
,'/ // / L R R
| l\\ % a //b C '
z-plane z-plane
2] <|al |af < |z] < [b]
3 S
7
R R
z-plane 7
[b] < |z| <] 2] > |¢|
Fig.5.7: ROC possibilities for three poles
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Inverse z Transform

Inverse z transform corresponds to finding z[n| given X(z)
and its ROC

The z transform and iInverse :z transform are one-to-one
mapping provided that the ROC is given:

zn] <> X(2) (5.20)

There are 4 commonly used technigues to evaluate the
Inverse z transform. They are

1. Inspection

2. Partial Fraction Expansion

3. Power Series Expansion

4. Cauchy Integral Theorem
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Inspection

When we are familiar with certain transform pairs, we can
do the inverse z transform by inspection

Example 5.7

Determine the inverse :z transform of X(z) which is
expressed as:

X(z)= 2| > 0.5
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Making use of the following transform pair in Table 5.1.:

1

. el >

auln| <>

and putting a = 0.5, we have:

0.5
1 —0.5z"1

< 0.5(0.5)"u|n]

By inspection, the inverse z transform is:

z[n] = (0.5)"u[n]
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Partial Fraction Expansion

It is useful when X(z) is a rational function in 2 :

M

E bkz_k
k=0
N

E akz_k

k=0

X(2) (5.21)

For pole and zero determination, it IS advantageous to
multiply z¥*V to both numerator and denominator:

M
ZNE :kaM—k‘
. k=0

X(z) = (5.22)

N

M Z a2V h
k=0
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» When M > N, there are (M — N) pole(s) at 2 =0
* When M < N, there are (N — M) zero(s) at z =0

To obtain the partial fraction expansion from (5.21), the
first step is to determine the N nonzero poles, ¢, ¢, ,cy

There are 4 cases to be considered:
Case 1: M < N and all poles are of first order

For first-order poles, all {¢;.} are distinct. X (z) is:

N
X(z) = A (5.23)
= 1 —cpz

For each first-order term of A,/ (1—c¢z"), its inverse z
transform can be easily obtained by inspection
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Multiplying both sides by (1 — ¢;2~!') and evaluating for z = ¢

Ar=(1—cpz ! X(z)’z_ck (5.24)

An illustration for computing A, with N =2 > M is:

Ay As
X(z) = +
(2) l—ciz7! 1 —coz!

Ay (1 — ¢z~ !

= (1—c127') X(2) = A1 + dl 1_1 ) (5.25)
1 — ez

Substituting z = ¢;, we get A4,
In summary, three steps are:
* Find poles

= Find {A;}

* Perform inverse z transform for the fractions by inspection
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Example 5.8
Find the pole and zero locations of H(z):

1+0.1z71
1 —2.05z7 14 z—2

H(z) =

Then determine the inverse z transform of H(z).

We first multiply z° to both numerator and denominator
polynomials to obtain:

z(z+0.1)
22 —2.05z +1

H(z)=—

Apparently, there are two zeros at z: =0 and > = —0.1. On the
other hand, by solving the quadratic equation at the
denominator polynomial, the poles are determined as z = 0.8
and z = 1.25.
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According to (5.23), we have:
A A:
— 1 i : —1
1 —0.8z 1 —1.252
Employing (5.24), A, Is calculated as:

14+0.1271
= — - 2
2=0.8 1 —1.2521 2=0.8

H(z)

A= (1-08z"") H(z)|

Similarly, A> iIs found to be —3. As a result, the partial
fraction expansion for H(z) is

B % 3
1 -08z' 1—-12527"

As the ROC is not specified, we Investigate all possible
scenarios, namely, |z| > 1.25, 0.8 < |z| < 1.25, and |z| < 0.8.
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For |z| > 1.25, we notice that

(0.8)"ufn] <> —— 2> 0.8
. uln 1 — O.SZ_]-’ A .
and
(1.25) ufn] < —— 2] > 1.25
R A I T L e

where both ROCs agree with |z| > 1.25. Combining the
results, the inverse z transform hln] is:

hin] = (2(0.8)" — 3(1.25)") u[n]

which is a right-sided sequence and aligns with P5.

For 0.8 < |z| < 1.25, we make use of

|

0.8)" <
(0.8)%uln] & =55

2| > 0.8
and
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1
1 —1.25z7V

where both ROCs agree with 0.8 < |z| < 1.25. This implies:
hin] = 2(0.8)"uln| + 3(1.25)"u[—n — 1]

—(1.25)"u[—n — 1] <

2| < 1.25

which is a two-sided sequence and aligns with P7.

Finally, for |z| < 0.8:

(0.8)u[—n — 1] 45 ——

1 —0.8271

2] < 0.8

and
1

1 —1.2527V
where both ROCs agree with |z| < 0.8. As a result, we have:
hin| = (—=2(0.8)" + 3(1.25)") u|—n — 1]

which is a left-sided sequence and aligns with P6.
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Suppose h|n|is the impulse response of a discrete-time LTI
system. Recall (3.15) and (3.16):

hin| =0, n <0

> |hn]| < oo

n=——aox

and

The three possible impulse responses:

» hln| = (2(0.8)" — (1.25)") uln] IS the impulse response of a
causal but unstable system

» hln| = 2(0.8)"u[n] + (1.25)"u[—n — 1] corresponds to a noncausal
but stable system

» hln] = (—2(0.8)" 4+ (1.25)") u[—n — 1] is noncausal and unstable
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Case 2: M > N and all poles are of first order

In this case, X (z) can be expressed as:

Z Blz_l + Z (5.26)

— CkZ

= 3, are obtained by long division of the numerator by the
denominator, with the division process terminating when
the remainder is of lower degree than the denominator

= A, can be obtained using (5.24).

Example 5.9
Determine z[n] which has 2 transform of the form:

X(2) =

4 — 2zt 272
1 —1.52714+0.52z2

2| > 1

H. C. So Page 37



The poles are easily determined as z =0.5and z =1
According to (5.26) with M = N = 2:
A A
1 — + 2_1
1 —0.52 1 —=z

The value of By is found by dividing the numerator
polynomial by the denominator polynomial as follows:

X(Z):Bo—l—

2
0.5z —1.527" +1)z72 — 2271 +4
232742

242
That is, By =2. Thus X(z) is expressed as

2—|—Z_1 Al A2
e Ty ey gy Sl o R
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According to (5.24), A, and A, are calculated as

4_2—1 —2
A== TF — 4
1 ==z 2=0.5
and
4 — 2zl 4 72
2 = =6
1—05270 |,
With |z| > 1:
d[n] <> 1
1
0.5)" o > 0.5
(0:5)%uln] & === I
and
n o —— |2 > 1
uln z
1 — 27U

the inverse z transform z[n] is:

x|n| = 26|n] — 4(0.5)"u[n| + 6u|n]
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Case 3: M < N with multiple-order pole(s)

If X(z) has a s-order pole at z = ¢; with s > 2, this means that
there are s repeated poles with the same value of ¢;. X(z) is:

X(z) = i Ar — Z Con o (5.27)
k=1k=#i 1= Cr~ m=1 (1 — CiZ )

* When there are two or more multiple-order poles, we
Include a component like the second term for each
corresponding pole

= A, can be computed according to (5.24)

= (. can be calculated from:

1 dS_TR ]
Cp = (1—cw) X (w™ )] (5.28)

(s — m)l(—c;)=™  dws—" _
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Example 5.10
Determine the partial fraction expansion for X (z):

1
(14271 (1 — 21

X(z) =

It is clear that X(z) corresponds to Case 3 with N=3> M
and one second-order pole at z = 1. Hence X (z) is:

Ay C s
— — T — T 2
1 + z 1 — Z (1 — Z_l)

X(z)

Employing (5.24), A, Is:

4
Ay = =1
(1—27")

z=—1
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Applying (5.28), C; is:

1 d 2 A
O =TT dw [(1 ERRATETIE —WI =
B d 4
- dw 1 ‘|‘w‘w1
B 4
(14 w)? w=1
= 1
and
| ) 4
N TS [(1 ) (1+w)(1w>2] w=1
4
N H—w w=1
= 2
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Therefore, the partial fraction expansion for X (z) is
1 1 N 2
- (1 — 2_1)2

Case 4: M > N with multiple-order pole(s)

1 —z

This I1s the most general case and the partial fraction
expansion of X(z) is

Z Bzl + Z Z T _C’”*f_l _ (5.29)

k=1 k;éz m=1 ciz”)

assuming that there is only one multiple-order pole of order
s>2at z=¢;. It Is easily extended to the scenarios when
there are two or more multiple-order poles as in Case 3.
The A, , B, and C,, can be calculated as in Cases 1, 2 and 3
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Power Series Expansion

When X(z) is expanded as power series according to (5.1):

X(z) = i zn]z ™" =+ a[—1]z" + 2[0] + 2[1]z 7 + 2[22 % + - - (5.30)

n=——~oo

any particular value of z|n] can be determined by finding the
coefficient of the appropriate power of >~

Example 5.11
Determine z[n] which has z transform of the form:

X(z)=2(1-05z2H (142" (1-27", 0<|z]<o0

Expanding X (z) yields
X(z2)=2—2z—-2+ 271
From (5.30), z|n| is deduced as:
xln| = 26ln + 2] — dln+ 1] — 20[n| + djn — 1]
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Example 5.12
Determine z[n] whose 2 transform is given as:

X(z)=log(1+az"t), |z] >]q
With the use of the power series expansion for log(1 + \):

> _1)ntlyn
log(1+)\)zz( ) ;A <1

n

n=1

X(z) with |az~!| < 1 can be expressed as

o _1)ntlgn,—n
log(1+az™1) = E (=)™ a2
n

n=1

From (5.30), z[n| is deduced as:

(_1)n+1an

n

x|n| = uln — 1]
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Example 5.13
Determine z[n] whose z transform has the form of:

1
X(z) = ——= s > dl
With the use of
1
E—— DI NI A <1
T T L AR A

Carrying out long division in X (z) with |az7!| < 1:
X(z)=14azt+ (az_1)2 + .-
From (5.30), z[n| is deduced as:

n

x|n| = a"u|n|

which agrees with Example 5.1 and Table 5.1
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Example 5.14
Determine z[n] whose z transform has the form of:

1
X(z) = 2] <lal

1 —az VU

We first express X (z) as:

—a~ 'z 1 —a "'z

X(z) =

a2 1T—azl 1—alz

Carrying out long division in X (z) with |a™'z| < 1:
X(z)=—a'2 (1 +a 2+ (a‘lz)Q + - )

From (5.30), z|n| is deduced as:

z|n| = —a"u|—n — 1]

which agrees with Example 5.2 and Table 5.1
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Properties of z Transform

1. Linearity

Let (z1|n], X1(2)) and (x3[n], X5(2)) be two z transform pairs with
ROCs R,, and R,,, respectively, we have

axi[n] + bxsn] <> aXi(z) + bXy(2) (5.31)

Its ROC is denoted by R, which includes R,, NR,, where N is

the intersection operator. That is, R contains at least the
Intersection of R, and R,..

Example 5.15
Determine the z transform of y[n| which is expressed as:

yln] = x1[n] + x3[n]
where zi|n] = (0.2)"u[n| and xzsn] = (—0.3)"uln]. By inspection,
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the 2 transforms of z;|n| and z,|n] are:

1
r1[n] = (0.2)"u[n] +» o1 2| > 0.2
and
1
= (—0.3)" — > 0.3
According to the linearity property, the z transform of y|n| is
1 1
Y(z) = > (.3
(2) 1 —0.2z71 - 1+0.3z71 &

2. Time Shifting
A time-shift of ny in z|n] causes a multiplication of >z~ in X(z)
xn — ng| < 27X (2) (5.32)

The ROC for z|n —ny| is basically identical to that of X(z)
except for the possible addition or deletion of z =0 0or z = x©
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Example 5.16
Find the z transform of z|[n] which has the form of:

z[n] = a" tuln — 1]

Employing the time-shifting property with ny =1 and:

auln] < ! .|zl > |a
1 —az!
we easily obtain
1 —1
a"luln — 1] <> 27t == ,|z| > |a

l—az ! 1—az!

Note that using (5.1) with |z| > |a| also produces the same
result but this approach is less efficient:

> s _az”! [1 — (az_l)oc] 271

X(z) = Z "z =a Z (az7)" = a 1 —az! T 1—az!

n=1 n=1
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3. Multiplication by an Exponential Sequence (Modulation)

If we multiply z[n] by 2} in the time domain, the variable =
will be changed to z/z, in the z transform domain. That is:

zix|n| < X(z/z) (5.33)
If the ROC for z[n]is R. <|z] < R_, the ROC for zjz|n] is
’ZU|R_|_ < |Z‘ < |ZQ|R_

Example 5.17
With the use of the following z transform pair:
1

1 —zV

Find the z transform of z|[n] which has the form of:

uln| < 2| > 1

z|n| = a” cos(bn)u|n]
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Noting that cos(bn) = (/" 4 e¢77") /2, z[n] can be written as:

x[n] = % (ae?)" uln] + % (ae™")" u[n]
By means of the modulation property of (5.33) with the

substitution of z, = ae’’ and z, = ae 7%, we obtain:

— (ae uln — . = — , y a
2 21 — (z/(aed®))=t 21 — aeibz=V
and
1 - 1 1 1 1
~ (ae ") " uln] < = = . >
o ) O ST e~ 2T —ae e FIP W

By means of the linearity property, it follows that

1 1 1 1 1 —acos(b)z™?
_|_ —

X —— - . p—
(%) 21 —aeltz=l 21 —ae z71 1 —2acos(b)z=! + a?z=?

|2 > |al

which agrees with Table 5.1.
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4. Differentiation

Differentiating X(z) with respect to :z corresponds to

multiplying z|n| by n in the time domain:

dX(z)
dz

The ROC for nx|[n| is basically identical to that of X (z) except
for the possible addition or deletion of z =0 or z = ¢

nxn] <> —z

(5.34)

Example 5.18
Determine the z transform of z|n| = na"u[n|.

Since
1

T
<>
a"uln] e

, |z > d
and
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d 1 __ci(l-—-az_l)_l d(1—az") B az~?
dz\1—az"')  d(1—az) dz  (1—az 1)

By means of the differentiation property, we have

az_2 az‘l

na ’U;[n} & —Zz _(1 - az_l)z — (1 o a2_1)27 |Z‘ > ‘a’|

which agrees with Table 5.1.

5. Conjugation
The z transform pair for z*|n] is:

r¥[n] < X*(2¥) (5.35)
The ROC for z*|n| is identical to that of x|n|
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6. Time Reversal
The z transform pair for z|—n]| is:
z[—n] < X(z71) (5.36)

If the ROC for z[n|is R, < |z| < R_, the ROC for z|—n] is
1/R_ < |z| < 1/R.

Example 5.19
Determine the z transform of z|n] = —na™"u|—n|

Using Example 5.18:

—1

az
nau[n| < 5. |z > a
(1 —az™1)
and from the time reversal property:
a_lz_l
X(2) = ——— = 2 < Ja”

(1— az)2 (1— a‘lz_l)zj
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7. Convolution

Let (z1|n], Xi(2)) and (xo[n], X5(2)) be two z transform pairs with
ROCs R,, and R,,, respectively. Then we have:

r1n] ® xo|n| > Xi1(2)Xs(2) (5.37)
and its ROC includes R, NR,,.

The proof is given as follows.

Let

y[n] = a1[n] @ x2[n] = Z 1 [k]zon — K] (5.38)

k=—00

With the use of the time shifting property, Y (z) is
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= Z 21 [k] Xo(2) 2"
— Xi(2)Xal2 (5.39)

Transfer Function of Linear Time-Invariant System

A LTI system can be characterized by the transfer function,
which is a z transform expression
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Starting with:
N

Zakyn — Zb;ﬂ?ﬂ — (5.40)

k=0

Applying z transform on (5.40) with the use of the linearity
and time shifting properties, we have

N M
Y(2)) apz ™ =X(2)) bz (5.41)
k=0 k=0

The transfer function, denoted by H(z), is defined as:

H(z) = — +=0 (5.42)
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The system impulse response h|n|is given by the inverse z
transform of H(z) with an appropriate ROC, that s,
hln| <> H(z), such that y[n| = z[n| ® hn]. This suggests that we
can first take the z transforms for z|n] and A[n], then multiply
X(z) by H(z), and finally perform the inverse 2 transform of
X(z)H(z2).

Example 5.20
Determine the transfer function for a LTI system whose
input z|[n] and output y|n| are related by:

yln] = 0.1yln — 1] + x[n] + z[n — 1]

Applying z transform on the difference equation with the use
of the linearity and time shifting properties, H(z) is:

Y(z) 1+ 27!

V(z)(1-01z7Y) =X(2) (1+2z71) = H(z) = X0) = T
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Note that there are two ROC possibilities, namely,
and |z| < 0.1 and we cannot uniquely determine hA[n|

z| > 0.1

Example 5.21
Find the difference equation of a LTl system whose transfer
function is given by

(14271 (1—2271)
(1 =05z (1+2271)

H(z) =

Let H(z)=Y(z)/X(z2). Performing cross-multiplication and
Inverse z transform, we obtain:

(1 - 0.52_1) (1 + 22_1) Y(z)= (1 + 2_1) (1 — 22_1) X(z)

= (141527 =27 Y(2) = (1 — 27" —227°) X(2)

= y[n| + 1.5y[n — 1] — y[n — 2] = z[n] — x[n — 1] — 2z[n — 2]

Examples 5.20 and 5.21 imply the equivalence between the
difference equation and transfer function
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Example 5.22
Compute the impulse response h|n| for a LTI system which is

characterized by the following difference equation:

yln] = z[n} —aln —1]

Applying z transform on the difference equation with the use
of the linearity and time shifting properties, H(z) is:

Y(z)
X(2)

=1— 2z}

Y(z) = X(2) (1 — 2_1) = H(z) =

There is only one ROC possibility, namely, |z| > 0. Taking the

inverse z transform on H(z), we get:
hin] = d[n] — dn — 1]

which agrees with Example 3.12
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Example 5.23
Determine the output y[n| if the input is z|n] =u[n] and the

LTI system impulse response is h[n] = d[n] + 0.56[n — 1]

The z transforms for x[n] and h|n| are

1
X(z) = 1z| > 1

1= v

and
H(z)=1+05z"1 |z] >0

As a result, we have:
1 21

Y(z)=X(2)H(z) = 0.5 > 1
() = X(2)H(z) = ——— +05——, |3

Taking the inverse z transform of Y (z) with the use of the
time shifting property yields:

y|n| = un] + 0.5u[n — 1]
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Chapter 6: Discrete-Time Fourier Transform (DTFT)

Chapter Intended Learning Outcomes:
() Understanding the characteristics and properties of DTFT
(i) Ability to perform discrete-time signal conversion

between the time and frequency domains using DTFT and
iInverse DTFT
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Definition

DTFT is a frequency analysis tool for aperiodic discrete-time
sighals

The DTFT of z[n], X(e/*), has been derived in (5.4):

o0

X(el) = Z z[n]e 7" (6.1)

n=—oo

The derivation is based on taking the Fourier transform of
r4(t) of (5.2)

As in Fourier transform, X(e’¥) is also called spectrum and is
a continuous function of the frequency parameter w
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To convert X (e/¥) to z[n], we use inverse DTFT:

1 r . .
xn| = 2—7T/X(63”)ejmdw (6.2)

Proof: Putting (6.1) into (6.2) and using (4.13)-(4.14):

2T 2T

1 o 1 -~ . _
— [ X(e/¥)e!"dw = — { Z x[m]ewm} e’ dw

T

[ | |

—_ x[m] / e—jwmejwndw
2T =

_ i =~ x[m]Q sin((n —m)7)
2T n—m

= x[n] (6.3)
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time domain

frequency domain

1 r . )
P — Qj[n] — %/'X(GJW)QJWHCZ(U

>
o,

o 4 xn] AX(ej”)
A YT
_1012¢lll?;. —‘I37r—l27r—7r0 T 27

X (e = i z[n]e " =

discrete and aperiodic

continuous and periodic

H. C. So

Fig.6.1: lllustration of DTFT
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X(e’¥) is continuous and periodic with a period of 2r

X(e’¥) is generally complex, we can illustrate X (e/*) using the
magnitude and phase spectra, i.e., | X (e/*)] and Z(X (e/*)):

X ()] = V(R{X (™) })? + (S{X(e)})”  (6.4)

Z(X (%)) = tan™! (;}igzzﬁ) (6.5)

and

where both are continuous in frequency and periodic.

Convergence of DTFT

The DTFT of a sequence z|n] converges if
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oo

Z x[n]e 7"

n=—~0C

< D lalall- |7 [ = ) Jaln]] < 00(6.6)

n=—0oo n=—0aoco

‘X(ej"")‘ =

Recall (5.10) and assume the z transform of x|n| converges
for region of convergence (ROC) of R, < |z] < R_:

X(2)| =] al]z™| < Y |zln]e™| <oo, R.<|z[<R_ (6.7)

n=——oo n=—oo

When ROC includes the unit circle:

> |aln)e Y z[n]| < oo (6.8)

which leads to the convergence condition for X(e/*). This
also proves the P2 property of the 2 transform.
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Let h|n] be the impulse response of a linear time-invariant
(LTIl) system, the following three statements are equivalent:

S1. ROC for the z transform of h|n] includes unit circle
S2. The system is stable so that > > _ |A[n]| <
S3. The DTFT of hln], i.e., H(e/*), converges

Note that H(e¥) is also known as system frequency response

Example 6.1
Determine the DTFT of z|n] = u|n].

Using (6.1), the DTFT of z[n| is computed as:
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X(ejw) _ i ZC —jwn ie—jwn

n=—0o0 n=0

Since
S e = Zl -
n=0

X(e’¥) does not exist.

Alternatively, employing the stability condition:
Y un] =) 1=o0c
n=—00 n=0

which also indicates that the DTFT does not converge

H. C. So Page 8



Furthermore, the z transform of x[n| is:

1

1 — 2=

uln| < 2| > 1
Because |z| > 1 does not include the unit circle, there is no
DTFT for z|n].

Example 6.2
Find the DTFT of z|n] = u|n] — uln — N]. Plot the magnitude and

phase spectra for N =10 .

Using (6.1), we have
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Alternatively, we can first use z transform because

X(e™) = X(2)

z=el¥
The z transform of z|n] is evaluated as
N-—1 1_ . _N
2~ z| >0

_1 )
n=>0

As the ROC includes the unit circle, 1its DTFT exists and the
same result is obtained by the substitution of z = e/v.

There are two advantages of > transform over DTFT:

» >~ transform is a (generalization of DTFT and it
encompasses a broader class of signals since DTFT does
not converge for all sequences

= notation convenience of writing 2 instead of e/~.
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To plot the magnitude and phase spectra, we express X (e/¥):

1 — e—ij B e—ij/Q eij/Q o e—ij/Q N2 SID(LUN/Q)

jwy — . —
X(e™) = I—e i e wl2 2 _emwf2  © sin(w/2)
In doing so, | X (¢/¥)] and Z(X(e’*)) can be written in closed-
forms as:
joy| sin(wN/2)
X ()] sin(w/2)
and
jny Cw(N 1) sin(wN/2)
£(X(e™)) 2 T4 sin(w/2)

Note that we generally employ (6.4) and (6.5) for
magnitude and phase computation
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In using MATLAB to plot | X (¢/¥)] and Z(X(e’¥)), we utilize the
command sinc so that there Is no need to separately
handle the “0/0” cases due to the sine functions

Recall the definition of sinc function:

sin(7u)

sinc(u) =
U

As a result, we have:

sin(whN/2)  sin(w - Nw/(27)) w-Nm  wr/(2m) 2w

sin(w/2)  w- Nxn/(2m) o sin(wr/(27)) wr
sinc(wN/(2m))

sinc(w/(27))
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The key MATLAB code for N =10 is

N=10; %N=10

w=0:0.01*p1:2*pIi; %successive frequency point
%separation 1s 0.01pi

dtft=N_.*sinc(w.*N./2_./p1)./7(sinc(w./2./p1)) - *exp(-

J-*w.*(N-1).72); %define DTFT function

subplot(2,1,1)

Mag=abs(dtft); %compute magnitude
plot(w./pi , Mag); %plot magnitude
subplot(2,1,2)

Pha=angle(dtft); %compute phase
plot(w./pi,Pha); %Yplot phase

Analogous to Example 4.4, there are 201 uniformly-spaced
points to approximate the continuous functions | X (e/*)| and

/(X (e)).
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Magnitude Response
10 I I I

0] 0.5 1 1.5 2
o/t

Phase Response
4 l l '

4 1 1 1
0 0.5 1 1.5 2

olr

Fig.6.2: DTFT plots using abs and angle
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Alternatively, we can use the command freqgz:

_l—z_N

X(z) = 1 — 21

which is ratio of two polynomials in z!

The corresponding MATLAB code Is:

N=10; %N=10

a=[1,-1]; %vector for denominator
b=[1,zeros(1,N-1),-1]; %vector for numerator
freqz(b,a) %plot magnitude & phase (dB)

Note that it is also possible to use X(z)=3"'2"" and in

this case we have b=ones(N,1) and a=1.
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The results In Figs. 6.2 and 6.3 are identical, although their
presentations are different:

= | X(e/¥)] =10 at w =0 in Fig. 6.2 while that of Fig. 6.3 is 20

dB. It is easy to verify that 10 corresponds to 20log,,10 = 20
dB

= units of phase spectra in Figs. 6.2 and 6.3 are radian and
degree, respectively. To make the phase values in both
plots identical, we also need to take care of the 27 phase
ambiguity.

The MATLAB programs for this example are provided as
ex6 2.mand ex6 2 2.m.
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Example 6.3
Find the inverse DTFT of X (e/¥) which is a rectangular pulse

within w € [—m, 7]:

0, otherwise

X(ejw) _ {1, —wy < w < Wy

where 0 < wy < .

Using (6.2), we get.:

wy

1 o 1 . i
z[n| = Q—/X(ejw)e]w”dw =5 / e/"dw = sin{won) — Dine (%>
T m

mn 70 [
wo

That is, z[n| is an infinite-duration sequence whose values
are drawn from a scaled sinc function.
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Example 6.4
Determine the inverse DTFT of X (e/*) which has the form of:

e—ij

T 14 0.7e0

X (&%)

With the use of z = ¢/¥, the corresponding z transform is

Z—Q

T 140720

X(z) 12| > 0.7

Note that ROC should include the unit circle as DTFT exists
Employing the time shifting property, we get

z[n] = (=0.7)"*u[n — 2]
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Properties of DTFT

Since DTFT iIs closely related to z transform, its properties

follow those of z transform. Note that ROC is not involved

because it should include unit circle in order for DTFT exists

1. Linearity

If (x,[n], X (e’¥)) and (xs[n], X5(e’*)) are two DTFT pairs, then:
axi[n] + bxo[n] < a X (e/¥) + b X,y (e’¥) (6.9)

2. Time Shifting

A shift of nj in z[n| causes a multiplication of e=/“" in X (e/¥):

z[n — ng| < e X (e/¥) (6.10)
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3. Multiplication by an Exponential Sequence

Multiplying z[n]| by ¢/ in time domain corresponds to a shift
of wy In the frequency domain:

el zln] ¢ X (el@=w)) (6.11)
which agrees with (5.33) by putting z = ¢/“ and z; = e/**
4. Differentiation

Differentiating X(e’*) with respect to w corresponds to
multiplying z[n| by n:

AX (el
nxin| <> j d(w )

(6.12)
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Note the RHS is obtained from (5.34) by putting z = e/¥:

_ejw‘”; Sj‘”) __wdX d(j"“’> ] (d;f) L jdX;jjw) (6.13)
5. Conjugation
The DTFT pair for x*|n| is given as:
r*[n] < X*(e ¥) (6.14)

6. Time Reversal
The DTFT pair for x[—n] is given as:

r[—n| < X(e™¥) (6.15)
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/7. Convolution
If (x1[n], X1(e’¥)) and (xs[n], X5(e/*)) are two DTFT pairs, then:
1[n] @ waln] ¢+ X1(e/¥) Xy(e) (6.16)

In particular, for a LTI system with input x[n|, output y[n] and
Impulse response h|n|, we have:

y[n] = z[n] ® hln] < Y(e¥) = X(e/*)H(e/¥)  (6.17)

which i1s analogous to (2.24) for continuous-time LTI
systems
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8. Multiplication

Multiplication in the time domain corresponds to convolution
In the frequency domain:

r1[n]-z9[n] + X1(e/)@X5(e!¥) = /X1 e/ Xy (e~ dr (6.18)

where @ denotes convolution within one period
9. Parseval’s Relation

The Parseval’s relation addresses the energy of a sequence:

/ ‘X eJ“’
27r

n=—oo

(6.19)
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With the use of (6.2), the proof is:

d = ) wnjatn]
_ Z x[n] (;]T/X(e]“)ejmdw)
— 2% X*(ejw) ( Z m[n]e-j“”) dw

1 A INE
:gf‘X(ej )| dw
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Chapter 7: Discrete Fourier Series & Discrete Fourier
Transform

Chapter Intended Learning Outcomes

(1) Understanding the relationships between the :
transform, discrete-time Fourier transform (DTFT), discrete
Fourier series (DFS) and discrete Fourier transform (DFT)

(i) Understanding the characteristics and properties of DFS
and DFT

(i) Ability to perform discrete-time signal conversion
between the time and frequency domains using DFS and
DFT and their inverse transforms
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Discrete Fourier Series

DTFT may not be practical for analyzing z[n| because X (e/*)

IS a function of the continuous frequency variable w and we
cannot use a digital computer to calculate a continuum of
functional values

DFS is a frequency analysis tool for periodic infinite-duration
discrete-time signals which is practical because it is discrete
In frequency

The DFS is derived from the Fourier series as follows.

Let z|n| be a periodic sequence with fundamental period N
where N iIs a positive integer. Analogous to (2.2), we have:

#[n] = Z[n + rN] (7.1)

for any integer value of r.
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Let x(¢) be the continuous-time counterpart of z[n|. According
to Fourier series expansion, z(t) is:

o0 0 .
J2mkt

x(t) = Z el ot — Z ape T (7.2)

k=—00 k=—o00

which has frequency components at = 0,0, £20, - .
Substituting z(t) = 2Z|n|, T, = N and ¢t = n:

Tn] = Z ake% (7.3)

k=—00

Note that (7.3) is valid for discrete-time signals as only the
sample points of z(¢) are considered.

It is seen that zn] has frequency components at
w=0,+27r/N,+(27/N)(2),---, and the respective complex
exponentia|s are ej(QW/N(O))) eij@ﬂ/N(l))’ eij(Qﬂ/N(Q))j cen
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Nevertheless, there are only N distinct frequencies in z|n]
due to the periodicity of /2™ /N,

Without loss of generality, we select the following N distinct
complex exponentials, e/Z7/NO) iCr/N)) .. piCr/NIN=1) = gnd
thus the infinite summation in (7.3) Is reduced to:

Defining X[k]=Na, , k=0,1,---,N—1 , as the DFS
coefficients, the inverse DFS formula is given as:

X[kle v (7.5)
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The formula for converting z[n] to X[k] is derived as follows.

Multiplying both sides of (7.5) by e /") and summing
fromn=0ton=N —1:

N-1 | N-1 / N-1 - )
N _JJ\T”” _ L X k j‘”j\rfrm _JA?,.,”
, z[nle ( N kle ) e
1

n=0 n=>0 k=0
N—-1 (Nl -
(S )
n=0 N k=0
N—-1 1 N—-1 )
=) X[#] [— e N } (7.6)
k=0 N n=0

Using the orthogonality identity of complex exponentials:

_Z 2l {1 Ek—r=mN, m 1s an Iinteger (7.7)

0. otherwise
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(7.6) is reduced to

Znle” v = X|r] (7.8)

which is also periodic with period N.

Let .‘
Wy =e v (7.9)
The DFS analysis and synthesis pair can be written as:
3 N-—1
X[kl =) z[n]Wwk (7.10)
n=>0
and
1 N-—1 .
i) = < X [k]W " (7.11)
k=0
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Example 7.1
Find the DFS coefficients of the periodic sequence z|n] with a

period of N =5. Plot the magnitudes and phases of X|k].
Within one period, z|n] has the form of:

. I, n=0,1,2
x[n]: 0. n=3,4

Using (7.10), we have
N—-1

XK =) Enwy"

n=>0

L 0 k 2k
— WY+ WE + W3
j2nk Jank

L +e™ 5 e
_j2xk 72wk _ j2xk
—e 5 (e +14+¢€ 5

ok [ (27rk>]
e 5 |14+ 2cos T
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Similar to Example 6.2, we get:

i ok
X[K]| = |1 +2.cos (g)‘

The key MATLAB code for plotting DFS coefficients is

N=5;

x=[1 1 1 O O];

k=-N:2*N; %plot for 3 periods

Xm=abs(1+2.*cos(2*pi1.*k/N)) ;%magnitude computation

Xa=angle(exp(-2*j*pi1.*k/5) . *(1+2.*cos(2*pi1.-*k/N)));
%phase computation

and

The MATLAB program is provided as ex7_1.m.
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Relationship with DTFT

Let x[n] be a finite-duration sequence which is extracted

from a periodic sequence Zz|n] of period N:
{i[n], 0<n<N-1
x|n] =

0,  otherwise

Recall (6.1), the DTFT of x[n]is:

o0

X(ejw) = Z :U[n]e_jwn

n=—~c6o

With the use of (7.12), (7.13) becomes

H. C. So Page 11
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Comparing the DFS and DTFT in (7.8) and (7.14), we have:

X[ = X (")) z0 (7.15)
That is, X[k] is equal to X(e/) sampled at N distinct
frequencies between w € |0,27] with a uniform frequency
spacing of 27 /N.

Samples of X (¢/*) or DTFT of a finite-duration sequence xz[n]

can be computed using the DFS of an infinite-duration
periodic sequence Z|n|, which is a periodic extension of z|n|.
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Relationship with z Transform

X(e’) is also related to z transform of z[n] according to
(5.8):

X(e¥) = X(2)] (7.16)

=W

Combining (7.15) and (7.16), X[k] is related to X(z) as:

~ 127k

Xkl=X(2)| 2+=X(eN) (7.17)

Pt N

That is, X[k] is equal to X(z) evaluated at N equally-spaced
points on the unit circle, namely, 1,e/?™/N ... @l2N=-D7/N
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unit circle
1z| =1

z-plane

Fig.7.3: Relationship between X[k], X (/%) and X (z)
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Example 7.2
Determine the DTFT of a finite-duration sequence z[n|:

{1, n=0,1,2
z|n] =

0, otherwise

Then compare the results with those in Example 7.1.

Using (6.1), the DTFT of z|n| is computed as:

0.0

X(ejw) = Z :c[n]e_jw”

= 1_—; e IV 4 eI
= e M (e +1+e7¥)
= e “[1 + 2cos (w)]
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Fig.7.5: DFS and DTFT plots with N =5

H. C. So Page 17



Suppose z|n| in Example 7.1 is modified as:

#[n] = I, n=0,1,2
10, n=3,4,---,9

Via appending 5 zeros in each period, now we have N = 10.

The MATLAB programs are provided as ex7_2.m, ex7_2 2.m
and ex7_2 3.m.
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Fig.7.6: DFS and DTFT plots with N = 10
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Properties of DFS

1. Periodicity

If z[n] is a periodic sequence with period N, its DFS X|k] is
also periodic with period N:

#[n] = Z[n +rN] < X[k] = X[k + rN] (7.18)

where r Is any integer. The proof is obtained with the use of
(7.10) and W = ¢7>™ =1 as follows:

=
=

—1
Wy =D W

0 n
1

)WY = X[k] (7.19)

~

Xk +rNj

I
)

-

1

T

-

o~
I

-
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2. Linearity

Let (#[n], X1[k]) and (#.[n], X,[k]) be two DFS pairs with the
same period of N. We have:

Cli“l[’l’lj] + bﬁfz[’l’b] < a,Xl[k] + sz[k] (720)

3. Shift of Sequence
If 2[n] < X[k], then

Z[n —m) < Wi X[K] (7.21)

and N
Wy"a[n] < X[k — ] (7.22)

where N iIs the period while m and [ are any integers. Note
that (7.21) follows (6.10) by putting w = 27k/N and (7.22)
follows (6.11) via the substitution of wy, = 2xl/N.
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4. Duality
If 2[n] « X[k], then

X|n] <> Nz|—k] (7.23)
5. Symmetry
If 2[n] « X[k], then

7*[n] < X*[—K] (7.24)
and

7*[—n] < X*[k] (7.25)

Note that (7.24) corresponds to the DTFT conjugation
property in (6.14) while (7.25) is similar to the time
reversal property in (6.15).
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6. Periodic Convolution
Let (#1[n], X1[k]) and (i.[n], X,[k]) be two DFS pairs with the
same period of N. We have

N—1
1[n]@3s[n] = > @i[mlis[n —m] < Xi[k]Xo[k]  (7.26)

m=0

Analogous to (6.18), © denotes discrete-time convolution
within one period.

With the use of (7.11) and (7.21), the proof is given as
follows:
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= X[k Xo[k] (7.27)

To compute z[n]®y[n] where both z[n] and g[n] are of period N,
we indeed only need the samples withn=0,1,--- , N — 1.
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Let z[n] = 2[n|®y[n]. Expanding (7.26), we have:

zZIn] = z[0]g[n] + - + Z[N — 2]g[n — (N — 2)] + [N — 1]gn — (N — 1)](7.28)

For n =
z[0] = z[0[g[0] + - - + Z[N = 2]g[0 — (N = 2)] + Z[N — 1]g[0 — (N — 1)]
= z[0lg[0] 4+ - -+ Z[N — 2]y[0 — (N — 2) + N]| + Z[N — 1]g[0 — (N — 1) + N]
= Z[0]g[0] + - - - + &[N — 2Jg[2] + [N — 1]g[1] (7.29)
Forn=1
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A period of z[n| can be computed in matrix form as:

Example 7.3

Z[0]
il

SN — 9]

AN -1

JN =1 - g2 401
o) gl g2
GV =3 - §l0] §IV — 1]
JIN =2 - gl g0

(7.31)

Given two periodic sequences Z|n] and y[n| with period 4:

and

Kl

0]

g0

#1) 2[2] 3] | = |

}

4 -32 —1]

g1 g2 gl3] | = [1234]

Compute z[n] = z[n]@g[n].

H.

C.

So
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Using (7.31), zZ|n]is computed as:

- Z[0] (0] 93] g[2] g[1] | [ Z[0]
z[1 | _ 9] glo] 93] g2 | | 21
22 w2 gl1] glo] 93] | | z[2

Cz[3] ) Lwl3) gl2] glt] glo] | [ z[3]

(1432 [ 4 =
12143 -3 |10
13214 2 | | 4

4321 | —-1] 10 |

The square matrix can be determined using the MATLAB
command toeplitz([1,2,3,4],[1,4,3,2]). That is, we
only need to know its first row and first column.
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Periodic convolution can be utilized to compute convolution
of finite-duration sequences in (3.17) as follows.

Let z|n] and y[n| be finite-duration sequences with lengths M
and N, respectively, and z|n] = z[n| ® y|n] which has a length
of (M + N —1)

We append (N — 1) and (M — 1) zeros at the ends of xz[n] and
y|n] for constructing periodic z|n| and gy|n| where both are of
period (M + N — 1)

z[n] is then obtained from one period of z[n|®yn).

Example 7.4

Compute the convolution of z[n] and y[n] with the use of
periodic convolution. The lengths of z[n| and y[n] are 2 and 3
with z[0] = 2, z[1] = 3, y[0] =1, y|l] = —4 and y[2] = 5.
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The length of z[n|® y[n] is 4. As a result, we append two
zeros and one zero in x[n] and y|n|, respectively. According to
(7.31), the MATLAB code is:

toeplitz([1,-4,5,0],[1,0,5,-4]1)*[2;3;0;0]
which gives
2 -5 -2 15

Note that the command conv([2,3],[1,-4,5]) also
produces the same result.

H. C. So Page 29



Discrete Fourier Transform

DFT

IS used for analyzing discrete-time finite-duration
sighals in the frequency domain

Let z|n] be a finite-duration sequence of length N such that
rin] =0 outside 0 < n < N —1. The DFT pair of z[n|is:

and

H. C. So

L0,

Page 30

( N-—1

< n_ox[n] L, 0<E<N-—-1 (7.32)
L0, otherwise

( 1 N-1 "
Nk:OX[k]WN ,0<n<N-—-1 (7.33)

otherwise



If we extend z|n| to a periodic sequence z|n] with period N,
the DFS pair for z[n]is given by (7.10)-(7.11). Comparing
(7.32) and (7.10), X[k] = X[k]for 0< k< N —1. As a result,
DFT and DFS are equivalent within the interval of [0, N — 1]

Example 7.5
Find the DFT coefficients of a finite-duration sequence z|n|
which has the form of

{1, n=2~0,1,2
x[n| = .

0, otherwise
Using (7.32) and Example 7.1 with N = 3, we have:
X[k] = Z:f; W = WY+ Wi+ Wik
n=>0

B _j’-{;k | 9 2mk B 3,]43:0
= € - + 2 CoS T = O,k:1,2
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Together with X|k| whose index is outside the interval of
0 <k <2, we finally have:

3 k=0

0, otherwise

X[k] = {

If the length of z[n| is considered as N =5 such that
z[3] = z|4] = 0, then we obtain:

N—1
XK = ap]Wy' =W+ W+ w2

n=>0

_j2mk 2k
e 5 |14 2cos = , k=0,1,---.4

0, otherwise

H. C. So Page 32



The MATLAB command for DFT computation is fft. The
MATLAB code to produce magnitudes and phases of X|k]| is:

N=5;

x=[1 11 0 0]; %append 2 zeros
subplot(2,1,1);

stem(JO:N-1],abs(fft(x))); %plot magnitude response
title("Magnitude Response®);

subplot(2,1,2);

stem(JO:N-1],angle(fft(x)));%plot phase response
title("Phase Response™);

According to Example 7.2 and the relationship between DFT
and DFS, the DFT will approach the DTFT when we append
infinite zeros at the end of z|n|

The MATLAB program is provided as ex7_5.m.
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Fig.7.7: DFT plots with N =5
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Example 7.6
Given a discrete-time finite-duration sinusoid:

x[n] = 2cos(0.7mn + 1), n=0,1,---,20
Estimate the tone frequency using DFT.

Consider the continuous-time case first. According to
(2.16), Fourier transform pair for a complex tone of
frequency () Is:

e/t < 26 (92 — )

That is, )y can be found by locating the peak of the Fourier
transform. Moreover, a real-valued tone cos(Qt) iS:

eont 4+ e—ont

cos(Qpt) = 5
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From the Fourier transform of cos({t), 2y and -, are located
from the two impulses.

Analogously, there will be two peaks which correspond to
frequencies 0.77 and —0.7r in the DFT for z|n|.

The MATLAB code is

N=21; %number of samples i1s 21
A=2; %tone amplitude 1s 2
w=0.7*pI; %frequency 1s O.7*pi

p=1; %phase 1s 1

n=0:N-1; %define a vector of size N
x=A*cos(W*n+p); %hgenerate tone

X=Fft(x); %compute DFT
subplot(2,1,1);

stem(n,abs(X)); %plot magnitude response
subplot(2,1,2);

stem(n,angle(X)); %plot phase response
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Fig.7.8: DFT plots for a real tone
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1.0806

0.9382+0.9931i
-0.4524+4 10681
3.8608-2.13161
3.8608+2.13161
-0.4524-4_.10681
0.9382-0.99311

RPOO WO O

1.0674+0.29391
. 7756+1_.50271
. 7461+15.17921
.3521-0.57181
.5451+7.20431
.4409-2.31591
.0243-0.61301

1.0243+0.61301
0.4409+2.31591
6.5451-7.20431
3.3521+0.57181
-6.7461-15.17921
0.7756-1.50271
1.0674-0.29391

Interestingly, we observe that R{X|[k]} = R{X|N —k|]} and
In fact, all real-valued sequences

possess these properties so that we only have to compute
around half of the DFT coefficients.

LXK} = —S{X[N — A]} .

As the DFT coefficients are complex-valued, we search the
frequency according to the magnitude plot.

H. C. So
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There are two peaks, one at k=7 and the other at £ =14
which correspond to w = 0.77 and w = —0.7xr, respectively.

From Example 7.2, it I1s clear that the index k refers to
w=2mk/N. As a result, an estimate of wy is:

A 2m -7
Wy = ~ 0.6667
21

To improve the accuracy, we append a large number of
zeros to x[n]. The MATLAB code for x[n| is now modified as:

X=[A*cos(w.*n+p) zeros(1,1980)];
where 1980 zeros are appended.

The MATLAB code is provided as ex7_6.m and ex7 6 _2.m.
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Fig.7.9: DFT plots for a real tone with zero padding
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The peak index is found to be k£ = 702 with N = 2001. Thus

21702

W ~ 0.70167
2001

Example 7.7
Find the inverse DFT coefficients for X|k|] which has a length
of N =5 and has the form of

I, n=0,1,2
X[H_{O n=34

Plot z|n].

Using (7.33) and Example 7.5, we have:
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1 , 1 .
xmpzﬁ X%M@m:gUﬂHW%”+W?m
n=0
( 1 121 1 + 2 27T7’L O 1 4
—e b cos | — n = .
— < 5 5 Y 7 Y 7
| 0, otherwise

The main MATLAB code is:

N=5;

X=[1 1 1 0 0];
subplot(2,1,1);
stem([0:N-1],abs(iffe(X)));
subplot(2,1,2);
stem([0:N-17,angle(i FFt(X)));

The MATLAB program is provided as ex7_7.m.
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Magnitude Response
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Fig.7.10: Inverse DFT plots
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Properties of DFT

Since DFT pair is equal to DFS pair within [0, N — 1], their
properties will be identical if we take care of the values of
r|n] and X k] when the indices are outside the interval

1. Linearity

Let (zq|n], Xilk]) and (zy[n], Xs|k]) be two DFT pairs with the
same duration of N. We have:

axi|n| + bxs|n| <> aXi|k] + X[k (7.34)

Note that if z;|n] and xz,|n] are of different lengths, we can

properly append zero(s) to the shorter sequence to make
them with the same duration.
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2. Circular Shift of Sequence
If 2[n| <~ X|[k], then
z[(n —m) mod (N)] < Wi X[k] (7.35)

Note that In order to make sure that the resultant time
iIndex is within the interval of [0, N — 1], we need circular shift,

which is defined as
(n—m) mod (N)=n—m+r-N (7.36)
where the integer r I1s chosen such that

0<n—-—m+r-N<N-—-1 (7.37)

H. C. So Page 45



Example 7.8
Determine z:|n] = z[(n — 2) mod (4)] where z|n] is of length 4
and has the form of:

x(n| = 4

as.

1[0l =z[(0—2) mod (4)] ==z2] =2, r=1
ri|l]=z[(1—-2) mod (4)]==[3] =4, r=1
12l =z[(2—2) mod (4)]==z[0]=1, r=0
r13] =z[(3—2) mod (4)] =z[1]=3, r=0
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3. Duality
If [n] < X[k], then

X[n] ¢ Nz[(—=k) mod (N)] (7.38)
4. Symmetry
If [n] < X[k], then

r*[n] < X*[(—k) mod (N)] (7.39)

and
z*[(—n) mod (N)] <> X*[k] (7.40)



5. Circular Convolution

Let (zq|n], Xilk]) and (z3[n], Xs|k]) be two DFT pairs with the
same duration of N. We have

n] @ 2[n Z z1[m m) mod (N)] < X[k Xo[k] (7.41)

m=0

where ®y IS the circular convolution operator.
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Fast Fourier Transform

FFT is a fast algorithm for DFT and inverse DFT
computation.

Recall (7.32):
N—1
X[k =) ap]Wy, 0<k<N-1 (7.42)
n=0

Each X|k| involves N and (N — 1) complex multiplications and
additions, respectively.

Computing all DFT coefficients requires N? complex
multiplications and N(N — 1) complex additions.

Assuming that N =2", the corresponding computational
requirements for FFT are 0.5N log,(N) complex multiplications

and N log,(N) complex additions.
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Direct Computation FFT
N
Multiplication |Addition |Multiplication|Addition
N? N(N —1) |0.5Nlogy(N) |Nlogy(N)
2 |4 2 1 2
8 |64 56 12 24
32 11024 022 80 160
64 4096 4022 192 384
21011048576 1047552 5120 10240
220 | ~10" ~10" ~10° ~2 x 107

Table 7.1: Complexities of direct DFT computation and FFT
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Basically, FFT makes use of two ideas in its development:

» Decompose the DFT computation of a sequence Into
successively smaller DFTs

= Utilize two properties of W} = e /27h/N:
scomplex conjugate symmetry property:
Wyt =Wk = (W) (7.43)
=periodicity in n and k:

W = Wyt = ) (7.44)
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Decimation-in-Time Algorithm

The basic idea is to compute (7.42) according to

N-1 N—-1
X[kl =Y alnWi+ Y alnwh (7.45)
n=even n=odd

Substituting n =2r and n=2r+1 for the first and second
summation terms:

N/2—-1 N/2-1
X[k = Y w2 Wi+ Y afzr+ gy
r=0 r=0
N/2—1 N/2—1
- o2 (WE) W ST al2r £ 1) (W)Y (7.46)

r=0 r=0
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Using W3 = Wy, since W} = e 77/V2 = ¢=727/(N/2) we have:

N/2—1 N/2-1

XK = Y arWi,+Wh > a2+ WY,
r=0 r=0

Glk|+ W& -H[k], k=0,1,---,N —1 (7.47)

where Glk] and H k| are the DFTs of the even-index and odd-
iIndex elements of z[n|, respectively. That is, X|k| can be
constructed from two N/2-point DFTs, namely, G|k| and H|k].

Further simplifications can be achieved by writing the N
equations as 2 groups of N/2 equations as follows:

X[k] =G[k]+Wx-H[k], k=0,1,---,N/2—1  (7.48)
and
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N/2-1 N/2—1
X[k+N/2| = Z qj[gr]wj\}(ﬁ;mz) _|_le\c[+N/2 Z o + HWr(kHv/z)

N/2
r=0 r=0
N/2—1 N/2—-1
= Z x[ZT]WE% — Wy Z x|2r + 1]WJQ];2
r=0 r=0
= Glk| - WY - -H[k], k=0,1,---,N/2—1 (7.49)

with the use of WJ%Q =1 and W,/* = —1. Equations (7.48) and
(7.49) are known as the butterfly merging equations.

Noting that N/2 multiplications are also needed to calculate
Wy HIE], the number of multiplications is reduced from N? to
2(N/2)*+ N/2= N(N +1)/2.

The decomposition step of (7.48)-(7.49) is repeated v times
until 1-point DFT is reached.
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Decimation-in-Frequency Algorithm

The basic idea Is to decompose the frequency-domain
sequence X |k| into successively smaller subsequences.

Recall (7.42) and employing Wi "™V/2 =y yyeN — py2er
and W5 = Wy, the even-index DFT coefficients are:

N-1 N/2—1
X[QT] _ CE‘[R]W]T\?}(QT) _ Z anr Z Qnr
n=0 n=0 n=N/2
N/2—1 N/2-1
= 37 afmW+ Y afn+ Nygwy A

= (x[n] +z[n+ N/2]) - Wy, r=0,1,---,N/2—1(7.50)
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N2

Using Wy" =1and W,’" = —1, the odd-index coefficients are:

N/2-1
X[Z’I“—|—1] — Z n 27"‘“ ‘|— Z n 21”—|—1

n=0 n=N/2
N/2-1 N/2-1

_ Z N/2_|_ Z n -+ N/2]W n+N/2)(27+1)
n=0
N/2-1 N/2-1

= S A WAWR, + WP ST i Ny
n=>0 n=0
N/2—1

= (x[n] — xln + N/2) Wi - Wiy, r=0,1,---,N/2—1(7.51)
n=0

X|[2r] and X[2r+1] are equal to N/2 -point DFTs of
(z[n] + z[n 4+ N/2]) and (z[n] — x[n + N/2]) Wy, respectively. The
decomposition step of (7.50)-(7.51) iIs repeated v times
until 1-point DFT is reached.
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Chapter 8: Responses of Diqgital Filters

Chapter Intended Learning Outcomes:

(1) Understanding the relationships between impulse
response, frequency response, difference equation and
transfer function in characterizing a LTI system

(i) Ability to identify infinite impulse response (IIR) and
finite impulse response (FIR) filters. Note that a digital filter
IS system which processes discrete-time signals

(i) Ability to compute system frequency response
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LTI System Characterization

x(t)

The LTI system can be characterized as

* Impulse Response

CD converter

discrete-time
LTI system

yn,

DC converter

Fig.8.1: Processing of analog signal with LTI filter

Let h|n| be the impulse response of the LTI filter. Recall from
(3.17), it characterizes the system via the convolution:

yln] = zfn] @ h[n) = Y w[m]h[n —m]

>0

m=—aoo

(8.1)

h|n|is the time-domain response of the LTI filter

H. C. So
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* Frequency Response

We have from (6.17), which is the discrete-time Fourier
transform (DTFT) of (8.1):

Y(e) = X (e/)H (e/¥) (8.2)
H(e') is the frequency-domain response of the LTI filter

= Difference Equation

A LTI system satisfies a difference equation of the form:

N

Zakyn— Zbk.:cn— (8.3)

k=0
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= Transfer Function

Taking the > transform on both sides of (8.3):

M
E ka_k
k=0

X(z) &

g akz_/’f

k=0

(8.4)

Which of them can uniquely characterize a system?
Which of them cannot?
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Example 8.1
Given the difference equation with input z[n] and output y[n|:

yln] = ay[n — 1] + z[n]
Find all possible ways to compute y[n| given x|n].

In fact, there are two ways to compute y|n|.

A straightforward and practical way iIs to implement a causal
system by using the difference equation recursively with a
given initial condition of y[—1]:

yl0] = ay|—1] + [0
y[l] = ay[0] + z[1]
yl2] = ay[l]+ z[2)
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On the other hand, it is possible to implement a noncausal
system via reorganizing the difference equation as:

|
yln] = ayln — 1] +z[n] = yln — 1] = ~ (y[n] — z[n])
In doing so, we need an initial future value of y[—1| and

future inputs, and the recursive implementation is:

9] = = (y[—1] — z[—1]

y[—2] Cf(y_ | = z[-1])

3] = = (y[—2] — z[—2]

y[—3] %(y | = z[-2])

y|—4] = = (y[-3] — z[-3])
a

As a result, generally the difference equation cannot
uniquely characterize the system.
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Nevertheless, if causality is assumed, then the difference
equation corresponds to a unigue LTI system.

Alternatively, we can also study the computation of y[n]
using system transfer function H(z):
Y(z) 1

Y(2)=az7'V(2) + X(2) = H(z) = X(2) 1—az!

Since the ROC is not specified, there are two possible cases,
namely, |z| > |a| and |z| < |al.

For |z| > |a] Or |az™!| < 1, using inverse =z transform:
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2

= =1+az ' +a’z”
X(z) 1 —azt

= Y(2)=X(z) (14az"' +a27"+-+)

= yln] = z[n] +axn — 1] +a’zn — 2] +--- = Zakaz[n — k]

which corresponds to a causal system.

The same result can also be produced by first finding the
system impulse response h[n| via inverse : transform of
H(z):

1

hin] = a"uln| < H(z) = et

2| > |al

and then computing z[n] ® h[n|.
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For |z| < |a] Or |a™!z| < 1, using inverse =z transform:

Y(z) 1 —a" 1z

-1 1 —2_2

= =—a z(l+a z+a 27+

X (z) l—az! 1—a'z ( )
= Y(z)=—-X(2) (¢ '2+a 7 +a 72+ )

= y[ln]=—a'zn+1]—a2n+2] —azn + 3]+ -
~1

= Z —akx[n—k]

k=—o00

which corresponds to a noncausal system.

Example 8.2

Discuss all possibilities for the LTI system whose input z|n|
and output y[n] are related by:

yn] —5.4yin — 1] + 2y[n — 2] = z[n]

Page 9
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Taking z transform on the difference equation yields:

1 1 P

) = s T~ 0 ) (=50 = 04)(z=5)

There are 3 possible choices:

2| >5 © The ROC Is outside the circle with radius

characterized by the largest-magnitude pole. The system
can be causal but is not stable since the ROC does not
Include the unit circle

0.4 < |z| < 52 The system is stable because the ROC includes
the unit circle but not causal

2] < 0.4: The system iIs unstable and noncausal
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Impulse Response of Digital Filters

When H(z) is a rational function of »~! with only first-order
poles, we have from (5.26):

M
Z bz ™" M—N
k=0

N

z : — [=0
apz g

k=0

H(z) =

where the first component is present only if M > N.

If the system is causal, then the ROC must be of the form
12| > |pmax| Where po.. 1S the largest-magnitude pole.
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According to this ROC, the impulse response h|n| Is:
M—N N
Bl = " Bis[n — 1]+ Ay ()" uln] (8.6)
(=0 k=1

There are two possible cases for (8.6) which correspond to
IR and FIR filters:

= IR Filter

If N > 1 or there is at least one pole, the system is referred
to as an IIR filter because h[n] is of infinite duration.

* FIR Filter

If N =0 or there is no pole, the system is referred to as a
FIR filter because h[n| is of finite duration.
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Notice that the definitions of IIR and FIR systems also hold
for noncausal systems.

Example 8.3
Determine if the following difference equations correspond
to IR or FIR systems. All systems are assumed causal.

(@ yn
(b)  yln]

0.1y[n — 1] + x[n]
x[n| 4+ 2z[n — 1] + 3z[n — 2

Taking the z transform on (a) yields

Y(2)=az"Y(2)+ X(2) = H(z) =

which has one pole. For causal system:
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1
hin] = (0.1)"uln] +» H(z) = L z| > 0.1
which is a right-sided sequence and corresponds to an IIR
system as h[n] is of infinite duration.

Similarly, we have for (b):

Y(2) = X(2) +2:7'X(2) + 327X (2) = H(2) = )};((i)) =142z 43272

which does not have any nonzero pole. Hence
hln] = d[n] + 20[n — 1] 4+ 3d[n — 2]

which corresponds to a FIR system as h[n] Is of finite
duration.
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Freguency Response of Digital Filters

The frequency response of a LTI system whose impulse
response h|n] Is obtained by taking the DTFT of h|n|:

H(e/) Z P[n)e 7" (8.7)

n=—oo

According to (5.8), H(¢¥) is also obtained if H(z) is available:

M

E :bke—jwk
k=0
z=elw TN

E :ake—wk

k=0

H(e™) = H(z)] (8.8)

assuming that the ROC of H(z) includes the unit circle.
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Example 8.4
Plot the frequency response of the system with impulse
response h[n| of the form:

sinc(0.1(n — 50)), 0 <n <100
hin] = .
0, otherwise

where
sin(7u)

sinc(u) =
U

Following Example 7.6, we append a large number of zeros
at the end of A[n| prior to performing discrete Fourier

transform (DFT) to produce more DTFT samples.

The MATLAB program is provided as ex8 4.m.
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Magnitude Response

I I I
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0 0.5 1 1.5 2

o/r
Phase Response

4 l l '
2 a
OH b
-2 i
-4 l l l

0 0.5 1 1.5 2

o/t

Fig.8.2: Frequency response for sinc h|n|
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Example 8.5
Plot the frequency response of the system with transfer
function H(z) of the form:

14227 4327
24327 44272

H{(z)

It is assumed that the ROC of H(z) includes the unit circle.

The MATLAB code iIs

b=[1,2,3];
a=[2,3,4];
freqgz(b,a);

The MATLAB program is provided as ex8 5.m.
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FIg.8.3: Frequency response for second-order system
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Chapter 9: Realization of Digital Filters

Chapter Intended Learning Outcomes:

(i) Ability to implement finite impulse response (FIR) and
Infinite Impulse response (IIR) filters using different
structures in terms of block diagram and signal flow graph

(i) Ability to determine the system transfer function and

difference equation given the corresponding block diagram
or signhal flow graph representation.
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Filter Implementation

When causality is assumed, a LTI filter can be uniquely
characterized by its transfer function H(z):

M
Z bk.z_k

H(z) = ’f;f’ (9.1)

E akz_k

k=0

or the corresponding difference equation'
N

Zakyn— Zbkxn— (9.2)

k=0

where z[n| and y|n| are the system input and output
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Assuming ay # 0, the output is:

N q M h
yln) = = > Eyln — K+ Y ~aln— K (9.3)
k=1 k=0

-
-

Assigning a;/ay — a; and by /by — by yields

N M
yln| = — Z apyln — k] + Z brx|n — k| (9.4)
k=1 k=0
Computing y[n| involves yn—1|,yn—2],---,yln— N], and
z|n|,xln —1],--- ,z[n — M|. That is, we need

» Delay elements or storage

= Multipliers

» Adders (subtraction is considered as addition)
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Computations of y[n] can be arranged In different ways to

give the same difference equation, which leads to different
structures for realization of discrete-time LTI systems

4 Dbasic forms of implementations, namely, direct form,
canonic form, cascade form and parallel form will be
described

An implementation can be represented using either a block
diagram or a signal flow graph
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Block Diagram Representation

y[nl
adder z|n| —»é—» zn] + y|n|
multiplier z[n| . > axn|

unit delay z[n]—f ;=1 —— z[n — 1]

Fig.9.1: Basic operations in block diagram
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Although an adder can generally deal with more than two
sequences, here we consider two signals in order to align
with practical implementation in microprocessors.

When |a| > 1, it corresponds to signal amplification while the
signhal is attenuated for |a| < 1. Note that a multiplier usually
has the highest implementation or computational cost and

thus it I1s desired to reduce the number of multipliers iIn
different systems, if possible.

The transfer function 2! corresponds to a unit delay. It can
be implemented by providing a storage register for each
unit delay in digital implementation. If the required number
of samples of delay is D > 1, then the corresponding system
function is 2 ”.
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Signhal Flow Graph Representation

yln]
adder z[n|o—» i o x|n| + yn|

y o

multiplier z[n|o o az(n]

unit delay z|n|o - o x[n — 1]

Figure 9.2: Basic operations in signal flow graph
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Its basic elements are branches with directions, and nodes.
That is, a signal flow graph is a set of directed branches
that connect at nodes.

Signal at a node of a flow graph is equal to the sum of the
sighals from all branches connecting to the node.

Signal out of a branch is equal to the branch gain times the
sighal into the branch.

Branch gain can refer to a scalar or a transfer function of z!
corresponding to multiplication or unit delay operation,
respectively.

When the branch gain is unity, it is left unlabeled.

A signal flow graph provides an alternative but equivalent
graphical representation to a block diagram structure
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Example 9.1

Draw the Dblock diagram and signal flow graph
representations of a LTI system whose input z[n| and output

y|n] satisfy the following difference equation:

yn| = —ayn — 1] — asyln — 2] + byz|n]
bo
z[n] + - y[n]
.
—aq Z_l
 jyln—1]
1
% yln — 2|

Fig.9.3: lllustration of block diagram
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z|n]o—s—0 > O——0 Y|n|
A 2y
e - oyln — 1]
A 21y
< oy[n—Q]

Fig.9.4: lllustration of signal flow graph

2 adders, 3 multipliers and 2 delay elements are required to
Implement the system.
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Structures for FIR Filter

For FIR filter, its transfer function does not contain pole.
That Is, settinggy=1and a;=ay=---=ay =01n (9.1) yields
a FIR system:

M
H(z) = Z brz " (9.5)
k=0
while the corresponding difference equation is:

yln] =) bpxn — k] (9.6)
k=0
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1. Direct Form

Comparing (9.6) with the convolution formula of (3.18), {b;}
correspond to the system impulse response h|n|:

hin] = { b, s < M (9.7)

0, otherwise

(9.6) can also be written as:
yn| = Z hlklz[n — k] = h[0]z[n] + A[1]z[n — 1] + - - - h[M]z[n — M] (9.8)

The direct form follows straightforwardly from the difference
equation.
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The implementation needs M memory locations for storing
M previous inputs of z[n], (M + 1) multiplications and M
additions for computing each output value of y|n|.

Fig.9.5: Direct form of FIR filter
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